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f^ I Abstract: F-theoretic constructions can alternatively be understood as consequences of cer- 

CN I tain M = 1 Seiberg-Witten theories via type JIB r D3-branes probing the quantum corrected 

i-Q ■ orientifold backgrounds. We present four models that come out from such consideration. 

["t ■ In Model 1, the seven-branes wrap the flat M directions, leading to the well known 

Sp{2r) theories. We study singularity structure of moduli space of Seiberg-Witten curve, 
such as maximal Argyres-Douglas loci, in order to construct 1-1 map between moduli spaces. 
In Model 2, the seven-branes are wrapped on Taub-NUT and multi Taub-NUT spaces 
, instead of M'^. These configurations may succinctly explain many of the recently proposed 

Q _ Gaiotto-type constructions including possible extensions to non-conformal models with in- 

7^; teresting cascading behaviors. In this model the UV limit would be described by the probe 

D3-branes decomposed into D5-D5 pairs wrapped on vanishing 2-cycles of multi Taub-NUT 
^ ■ space, while the IR would remain a 4d theory. For certain arrangements of the seven-branes 

^O . and in a specific delocalization limit, this model may be dualized to the brane networks 

recently studied by Benini, Benvenuti and Tachikawa. On the other hand, the Gaiotto du- 
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cn \ alities in Model 2 are explained by three simultaneous effects: chiral anomaly cancellations, 

t^^ \ anti-GSO projections and brane transmutations. 

Model 3 is described by seven-branes wrapped on a K3 manifold and D3 and D3 probes 
whose number may differ at most by 24. These constructions could lead to new M = 2 models 
with possible dualities to both type IIB and heterotic theories on non-Kahler manifolds, and 

K> ■ involve interesting interplays between abelian instantons and fluxes. In the limit where the 

number of probes becomes very large, the physics is captured by M(atrix) theory on K3 x K3 
manifold with G- fluxes. 

Finally, Model 4 is described by k D3-branes probing intersecting seven-brane back- 
grounds with Sp{2k) X Sp{2k) gauge group. These constructions could produce new M = I 
heterotic dual given by k small instantons wrapping 2-cycles of a non-Kahler K3 manifold 
that is no longer conformally Calabi-Yau. We discuss possible constraints on these models 
coming from global charge and anomaly cancellations in F-theory and study the implications 
of these constraints on the global and local symmetries of the underlying gauge theories. 

Keywords: Seiberg-Witten theory, F-theory, D3/D7, 07, K3, non-Kahler manifolds, probe, 
Gaiotto models, Taub-NUT, cascade, maximal Argyres-Douglas loci. Matrix theory, Gimon- 
Polchinski model 



Contents 

1 Introduction 1 

1.1 Analysis of branch cuts along the real axis 4 

1.2 First look at F-theory embeddings 7 

1.3 Organization of the paper 8 

1.4 What are the new results in this paper? 11 

2 Model 1: Multiple D3's probing orientifold background 14 

2.1 The rank 1 case revisited: SU{2) versus Sp{2) 14 

2.2 Singularity structure of pure Sp{2r) curve 16 

2.2.1 Maximal Argyres-Douglas theories occur at r + 1 points in Mfg ,^. 20 

2.2.2 Singularity structure of Sp{A) = C2 23 

2.3 Multiple D3-branes probing orientifold geometry 25 
2.3.1 Towards (1-1) mapping between moduli spaces 29 

2.4 Supergravity duals for the conformal cases 34 

3 Model 2: Multiple D3's probing seven-branes on a Taub-NUT 35 

3.1 Brane anti-brane on a Taub-NUT background 36 

3.2 Anomaly inflow, anti-GSO projection and brane transmutation 38 

3.3 Mapping to Gaiotto theories and beyond 43 

3.3.1 Mapping to the type IIB brane network models 43 

3.3.2 The UV/IR picture and gravity duals 46 

3.3.3 Mapping to the conformal cases 51 

3.3.4 Beyond the conformal cases 55 

4 Model 3: Multiple D3's probing seven-branes on a K3 background 59 

4.1 F-theory/heterotic dualities and a supergravity picture 59 

4.2 D3 brane- antibrane probes and a class of type IIB duals 62 

4.3 A possible duality to M(atrix) theory on a four-fold 65 

4.4 A/" = 1,2 examples and geometric dualities 68 

5 Model 4: Multiple D3's probing intersecting seven-brane backgrounds 71 

5.1 The heterotic dual with fluxes and five-branes 71 

5.2 Type IIB analysis at the orientifold point 77 

6 Discussion and conclusions 82 
A How to obtain Seiberg-Witten curve and 1-form for pure Sp{2r) theories 88 



B Speculative viewpoints of Model 1 related to one-on-one mapping 90 

B.l A naive 1-1 mapping between moduli spaces of brane and curve 90 
B.2 A fantasy on how to save the naive 1-1 mapping between moduli spaces of 

Seiberg-Witten curve and D3-brane picture for pure Sp{2r) theory 92 

C Higgsing and Dualities for Sp{2r) 95 

C.l Higgsing of Sp{2r) 96 

D Modular parameter of zero and 1-instanton for Sp{2r) 98 

E Tachyons in the brane anti-brane theory in the presence of fluxes 101 

F Connection to integrable systems 105 

F.l M = 2 SU{n) gauge theories as algebraically complete integrable systems 106 

F.2 Model 1 and 2 as algebraically complete integrable systems 107 

F.3 Model 3 as an algebraically complete integrable system 107 

F.4 Model 4 as an algebraically complete integrable system? 107 



1 Introduction 

N = 2 supersymmetric Yang-Mills theory lies between trivial [M = 4) and not-fully-solvable 
[M = 1) in the sense that one can solve exactly the theory with at most two derivatives 
and four fermions and at low energies [1, 2]. This is mostly because the dynamics therein 
are governed by holomorphic quantities. However, the Wilsonian effective action with higher 
derivative terms are not governed by holomorphic quantities and therefore finding the exact 
solution is a challenge. 

The exact solution for M = 2 SU{2) = Sp(2) Seiberg-Witten theory [1] relies on a few 
essential ingredients that lie at the heart of the physics. First is the holomorphicity of the 
prepotential J- which allows us to express the U{1) gauge theory completely in terms of the 
following action [1, 2]: 
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where ^ and W^ are the chiral and the vector multiplets respectively, using J\f = 1 language. 
In fact, we don't have to go beyond the U{1) case, as quantum corrections prevent the theory 
from enhancing to its full Sp{2) gauge symmetry anywhere in the moduli space. The classical 
enhancement point is replaced by two points where a monopole and a dyon respectively 
become massless [1, 2]. 



The second is the existence of a well-defined positive-definite metric in the moduli space 
that is positive definite everywhere. In other words, the holomorphic prepotential can also 
be used to define the metric as: 

ds = Im T" {a) dada = Im T{a)dada = |9„a| T{a)\du\ , (1-2) 

with Im T{a) > everywhere in the moduli space and u (but not a) parametrizes the moduli 
space. 

The third is the holomorphic prepotential J- that is itself constrained by the weakly 
coupled limit of the underlying M = 2 supersymmetry at large vev to have the following 
form: 

-I ■ 9 ooo /A\4Z 

^(a) = -roa^ + -a^log^ + -^c.y , (1.3) 

where the first term is the classical piece with tq the bare coupling constant, the second is 
the one-loop term, and the rest are the instanton contributions. 

The last is the duality that exchanges the C/(l) action to its dual action. This duality is 
the manifestation of the underlying Montonen-Olive duality where electrically charged states 
are replaced by magnetically charged states. In fact, there is a whole tower of dual states 
governed by an underlying 5L(2, Z) symmetry. For our case, the dual lagrangian associated 
with (1.1) is given by: 
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where the subscript D denotes the electric-magnetic dual variables. One may also use the 
dual variable ao to write the metric in the moduli space (1.2) more compactly as: 

ds = Im {da£)da). (1-5) 

The four points mentioned above are enough to tell us the exact prepotential for our case, 
which requires one to study the singularity structure in the moduli space. Recall that, in the 
Wilsonian action, the singularities in the moduli space imply that certain massless states are 
integrated out. Thus finding these singular regions of the moduli space will tell us precisely 
what states have been integrated out from the underlying monodromies. This information, as 
shown by Seiberg-Witten [1, 2], is succinctly captured by an elliptic curve that is non-trivially 
fibered over the u-plane, i.e over the moduli space. 

The reason why elliptic curve may appear can be presented in a slightly different way, 
compared to the way it was originally presented in [1, 2]. Imagine we knew the solutions for 
{a{u),aD{u)) to take the following form^: 

, , V^ f^ dxyjx - u , , \/2 /■" dx^fW^^ .^ ^. 

a{u) = — / , , , aD{u) = — / , , ■ (1.6) 
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^For example, this can be determined by solving a certain Schrodinger-type differential equation with a 
meromorphic potential that has poles at certain points. See [3] for a more detailed treatment of this. 



The above integrands have square-root branch cuts with branch points at x = +1, — l,u and 
cxD. The two branch cuts can be taken to run from —1 to +1 and from u to oo. The Riemann 
surface of the integrand is two-sheeted with the two sheets connected through the cuts. If one 
adds the point at infinity to each of the two sheets, the topology of the Riemann surface of 
that of two spheres connected by two tubes or a torus. A shghtly different way is to construct 
the torus is shown in figure 1. Thus the Riemann surface of the integrands in (1.6) has genus 
one and is given by: 



(x — l)(x — u). 



(1.7) 



This curve is nothing but the quotient of the upper half plane H modded out by r(2) i.e 
H/T{2) where r(2) is a subgroup of matrices in SL{2, Z) congruent to 1 modulo 2. The 
{a,ao) are then the integral of a one- form A over the 2-cycles 71,72 of the torus, i.e: 
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This completes our short tour through Seiberg-Witten theory. In the following subsection 
1.1, we will warm-up with another short pedagogical analysis of the Seiberg-Witten curves 
for pure Sp{2r) theories, before we finally get to more technical and systematic approach to 
come in subsection 2.2. Our goal is to analyze the root structures for Seiberg-Witten curves 
and determine the effects of the quantum corrections. This will help us find a map between 
moduli space of Seiberg-Witten curves and that of brane dynamics, which will be discussed 
in 2.3. 
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Figure 1 . A slightly different way to see the Seiberg-Witten torus on the u-plane compared to what 
we will present later. The Seiberg-Witten curve is given by y^{x, u) = {x^ — u)^ — A'* = 01=1(2^ ~ ^i) 
The ei{u) are the zeroes of y^, and therefore branch points on a;-planc. The choice of the homology 
basis are given by the cycles (a,/3), and the two sheets are shown as x and a;'. These two sheets are 
glued together along the cuts that run between the branch points e.;. This figure is taken from the 
excellent review article of Lerche [4] . 



1.1 Analysis of branch cuts along the real axis 

We will start off with something familiar: the well known M = 2 SU{2) gauge theory without 
matter. Consider its Seiberg-Witten curve of the form (1.7), and for example use u = 5: 



{x-l){x + l){x-5). 



(1.9) 



The real cross-section (by suppressing imaginary parts of x and y) of this curve is given as in 
figure 2. Once we add back the point from infinity the curve will become a genus 1 Riemann 
surface, i.e a two-torus. The above curve (1.9) is in the Weierstrass form. For other groups 
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Figure 2. The horizontal and vertical axes stand for Re[a;] and Re[j/], while x and y satisfy (1.9). The 
intercepts with horizontal axis x = ±1,-^ and .t = oo are branch points of the Seiberg-Wittcn curve 
for the simplest SU{2) case without matter (1.7), here taken at a generic real value of moduli u = 5. 

one may also write similar kind of (hyper-)elliptic curves. For us the gauge group that we 
will be mostly interested in is the non-simply laced group Sp{2r) where r is the rank of the 
group. As derived in appendix A using [5], Seiberg-Witten curve for Sp{2r) theory without 
matter is given by: 
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whose quantum effects come from demanding A 7^ 0^. In a classical limit of A — )• 0, all the 
(pa becomes double roots, creating singularity there. For simplicity we choose 5*^(2) case 
with <^i = 5 in some appropriate units. The real cross-section for the classical case A = 
is depicted in figure 3: note that the curve is singular at double roots x = (pa- To see how 
the curve changes under quantum corrections, let us take A 7^ 0. The real cross-section for 
the quantum curve then is as shown in figure 4 for A = (5/16)^'^. It is reassuring to see 



■^In (1.7) and (1.9), non-zero value of A = 1 is already plugged in. 




Figure 3. Real loci plot for the classical Sp{2) case without matter, by taking 0i = 5, A = 0, r = 1 
in (1.10). The curve is singular at double roots x = (pa for any choice of moduli. 




Figure 4. Real loci plot for the quantum 5*^(2) case without matter, by taking (pi — b, K— (5/16)^/*, 
r = 1 in (1.10). For such a generic choice of moduli, the curve is smooth. 

how the quantum curve smoothing out the singularity coming from double roots of classical 
curve. This behavior is generic, and will occur for all higher rank cases. To see this, let us 
consider a little more complicated example of r = 4 and take: 
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For this, the classical curve is given by figure 5: This has the expected singular points from 
the vanishing of the discriminant. As one would have expected, the quantum curve splits 
the classical singularities of double roots into a pair of branch points on x-plane, as depicted 




Figure 5. The various singularities for the classical Sp{8) case without matter. Plot of real parts of 
X and y in (1.10) with r = 4, A = at a point in moduli space given by (1.11) 

in figure 6. Again, considering a point at infinity will give us a correct genus of r = 4 as 
expected. 




Figure 6. The various branch cuts for the quantum 5*^(8) case without matter. Plot of real parts of 
X and y in (1.10) with r = 4, A 7^ at a point in moduli space given by (1.11) 



The classical curve with A = is singular everywhere in the moduli space, in that it 
contains double roots. The quantum correction term A lifts this singularity, so that the curve 
will be smooth at a generic point in a moduli space. By observing where in the moduli space 
the quantum curve becomes singular - in other words, the singularity loci of the moduli space 
of the Seiberg-Witten curve - we will learn about physics, such as appearance of massless 
BPS dyons and Argyres-Douglas theories in subsections 2.1 and 2.2. 



1.2 First look at F-theory embeddings 



Let us discuss possible F-tlieory embeddings of pure Sp{2r) tlieories using constructions 
similar to the one discussed in Douglas-Lowe-Schwarz [6]. Our starting point would be the 
quantum curve for the well known Sp{2) case without matter [7]: 
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F-theory uplift of this is surprisingly simple, thanks to insightful works of [8, 9]. Classically 
a single probe D3-branes is kept in the background of an orientifold seven plane i.e and 07- 
plane. The D3-brane spans the spacetime directions x^'^'^'^ and the 07-plane is parallel to 
the D3-brane and spans directions x^'^''^'^ as well as x^'^'^'^. Therefore both the D3 probe and 
the 07-plane are pointlike on the x^'^ directions which, in turn, will be our n-plane. This is 
depicted by the familiar figure given as figure 7. Classically the full Sp{2) gauge symmetry 
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Figure 7. In F theory a single D3-brane probing an orientifold seven-plane background maps to the 
classical picture of 5*^(2) Seiberg-Wittcn theory. 

is enhanced only at the point where the D3-brane coincide with the 07-plane: the mirror 
D3-brane will coincide with the original D3-brane and will enhance the gauge symmetry by 
adding in the massless W± bosons. At all other points in the u-plane, the gauge-symmetry 
will be broken to U{1). 

Under quantum corrections the situation is different. In the Seiberg-Witten theory, the 
quantum corrections come from the one-loop contributions and from the infinite tower of 
instanton corrections. These corrections, as viewed from the D3-brane point of view, will 
split the 07-plane into two {p,q) seven-branes of charges (0, 1) and (1, —1) shown in figure 
8. These two seven-branes are the monopole and the dyon points respectively in the original 
Seiberg-Witten theory. 

Thus classically we have a D3-brane probing a M?/Z2 singularity with Z2 = il(— 1)^^X45 



where X45 
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and Q is the orientifold operation as in figure 7. Quantum ef- 
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Figure 8. The quantum corrections in the 5*^(2) theory maps to the splitting of the orientifold plane 
into two (p, q) seven-branes in F-theory. 

fects split 07-plane into "monopole" and "dyon" seven-branes as in figure 8. When the 
probe D3-brane come close to the "monopole" seven-brane the (0, 1) string between them 
become arbitrarily light implying that a fundamental hypermultiplet becoming arbitrarily 
light. Similarly when the probe D3-brane approaches the other "dyonic" seven-brane, the 
(1, —1) string between them become arbitrarily light, implying, in turn, that another hyper- 
multiplet is becoming arbitrarily light. Thus we see that the probe D3-brane never gains any 
massless W± bosons, so never has any enhanced gauge symmetry. Instead, there are two- 
points in the u = x^ + ix^ plane where a monopole hypermultiplet and a dyon hypermultiplet 
become massless respectively. Finally, compactifying the tt-plane using extra seven-branes 
(demanding zero global monodromy) will lead us to the F-theory model of Vafa [10] ^. 

The above consideration then tells us that F-theory physics probed by D3-branes is 
Seiberg-Witten theory in disguise, at least locally. This is of course the scenario depicted in 
[8, 9]. The full global completion would be, for example, to join four copies of AA = 2, Nf = 4 
Seiberg-Witten theory [2] so that global monodromies vanish. Then a deformation from the 
orientifold point will allow us to span the full F-theory moduli space. 



1.3 Organization of the paper 

The paper is organized in the following way. The models that we want to study here all belong 
to the same class of multiple D3-branes probing the F-theory backgrounds of seven-branes and 



^Adding Nf — 4 D7-branes parallel to 07-plane, we obtain 5(7(2) and Nf = 4 superconformal theory, 
which is studied in detail in [11-13]. In this simplest superconformal F-theory configuration, they compute 
non-perturbative effects induced by D-instantons, and make a connection with Nekrasov partition function 
[14] and AGT conjecture [15]. The 8d physics on the 7-branes can teach us about the 4d physics on the 
3-brane [11, 12]. Axion-dilaton field r knows about 8d chiral ring correlators, which are computed in [13] using 
localization technique. It will be interesting to study this for the case with multiple D3-branes. 



orientifold seven-planes. Following sections addressing each models can be read independently. 
The simplest configuration is then r D3-branes probing the usual parallel D7/07 background 
along flat directions, giving Sp{2r) Seiberg-Witten theory with antisymmetric matter. This 
is studied in section 2. We compare the brane picture and SW geometry. As a first step 
toward proving F-theory/SW-geometry duality for higher ranks, we start by studying the 
pure Sp{2r) SW curve. We analyze the maximal Argyres-Douglas points in pure Sp{2r) and 
discuss a potential 1-1 map between the moduli space of the brane dynamics and that of the 
Seiberg-Witten curve for higher ranks. At rank 1, antisymmetric matter is empty, so the 
mapping is rather simple. However for higher ranks we cannot ignore the anti-symmetric 
matter and therefore it does make a difference^. The 1-1 mapping now is rather subtle, and 
we point out various issues related to this. We speculate on some ways to resolve the puzzles 
and point out an ideal setting where such 1-1 mapping could in-principle be realized. 

In section 3, we generalize the simplest model of section 2 to a slightly more non-trivial 
scenario by wrapping the seven-branes and orientifold planes on multi Taub-NUT spaces, 
which is still M = 2 theory despite the new complication in the geometry. With D3-branes 
probing this background, we argue that these configurations may succinctly explain many 
of the recently proposed Gaiotto-type models [16] on the world-volumes of the D3-branes. 
In subsection 3.1, we show how to generate it by decomposing the D3-branes as fractional 
D3-branes. These fractional D3-branes are D5-brane anti D5-brane (D5-D5) pairs, and they 
wrap 2-cycles of the multi Taub-NUT (TN) space^. Various ways of wrapping the TN 2-cycles 
will lead to various different sets of product gauge groups. 

The wrapped seven-branes on the TN lead to interesting physics when we switch on time- 
dependent gauge fields on the 2-cycles, in subsection 3.2. These time-varying gauge fields 
may lead to chiral anomalies along the TN circle (at infinity). Additionally, the wrapped 
D5-D5 pairs undergo certain interesting transmutations from the varying vector fields. These 
transmutations also effect the tachyons between the D5-D5 brane pairs. We argue that 
the Gaiotto dualities in Model 2 are explained by three simultaneous effects: chiral anomaly 
cancellations, anti-GSO projections and brane transmutations. Various conformal cases of the 
Gaiotto models are discussed in subsubsection 3.3.3, using the above set of ideas. Interestingly, 
under some limiting situation, that we discuss in subsubsection 3.3.1, our model may be 
dualized to the brane networks of [20]. These mappings serve as consistency checks of our 
scenario. 



■'We thank Philip Argyres for discussion on this topic. 

^To be precise, a single D3-brane is decomposed as two fractional D3-branes, i.e two half D3-branes. A 
fractional D3-brane can be viewed as a D5-brane wrapped on a P' with fluxes [17]. Similarly a fractional 
D3-brane can also be viewed as a D5 wrapped on a P^ with a slightly different choices of fluxes whose details 
are explained in subsection 3.1. Therefore when we say that the fractional D3-branes are D5-D5 pairs we 
mean each D5 and D5 carry half a unit of D3-brane charge respectively. Another alternative way to express 
this would be to arrange the world-volume fluxes in such a way that the wrapped D5-brane carry an integer 
D3-brane charge and the D5-brane carry no world-volume fluxes but cancels the RR charge of the D5-brane. 
Both the viewpoints lead to the same results and will be discussed in subsection 3.1. See also [18, 19] for 
details. 



In subsubsection 3.3.2, we discuss the gravity duals of these models using our brane 
anti-brane picture. Since the UV limit are described by the probe D3-branes decomposed 
into D5-D5 pairs wrapped on vanishing 2-cycles of multi Taub-NUT space in our models, the 
corresponding gravity duals should capture the six-dimensional gauge theories. On the other 
hand, since the IR remains a four-dimensional theory, the gravity duals should again capture 
the underlying physics. In subsubsection 3.3.2 we give brief derivations in both of these limits 
and argue how to see two different scenarios at the UV and IR scales. 

Since our constructions are in F-theory, we can probe both the conformal as well as non- 
conformal scenarios. In subsubsection 3.3.4, we give various new non-conformal scenarios. In 
one of the scenario we show how cascading models appear naturally from our constructions. 
It was suspected for sometime that the non-conformal deformations of the Gaiotto models 
should show cascading behaviors. Here we argue why this is most natural. 

In section 4 we discuss Model 3. This is described by seven-branes wrapped on a K3 
manifold and probed by D3 and D3 probes whose number may differ at most by 24. This is 
an interesting model because the internal space is compact. In F-theory, this is the K3 x K3 
four-fold, and so should follow the constraints of [21-23]. In subsections 4.1 and 4.2, we argue 
that these constructions lead to new M = 2 models with possible dualities to both type IIB 
and heterotic theories on non-Kahler manifolds, and involving interesting interplays between 
abelian instantons and fluxes. 

Interestingly, in the limit where the number of brane anti-brane probes becomes very 
large, we show in subsection 4.3, how M(atrix) theory on K3 x K3 manifold could enter 
the story. However the M(atrix) description is rather non-trivial because of the underlying 
anomaly cancellation condition inserts extra G-fluxes on the four-fold. 

Under certain choices of fluxes, the supersymmetry could be broken to N = 1. In 
subsection 4.4, we speculate on certain new effects of this. For example we discuss the puzzling 
question of how branes on one side of the duality disappear and are replaced by fluxes. We 
refer to few known examples in both type IIB as well as 5*0 (32) heterotic theory where this 
phenomena has been explained. Using these examples, we argue therein how to understand 
the underlying A/" = 1 gauge/gravity dualities from the considerations of subsection 4.1. 

In the section 4, we also discuss how certain A/" = 1 non-conformal cascading models 
could naturally appear from our set-up. The contents of this section should be considered 
as a continuation of the ideas presented in subsubsection 3.3.4 wherein the cascading J\f = 2 
models are presented. We show how the A/" = 1 picture appears from certain intersections 
of ALE and P^ curves in the limit where we impose non-compactness. A more elaborate 
set of connections to other kind of cascading models could also appear if more non-trivial 
fibrations of the TN space over the compactified w-plane are allowed. We speculate on various 
manifestations of these ideas. 

In section 5 we discuss Model 4, which is dynamics of k D3-branes probing intersecting 
seven-brane backgrounds with Sp{2k) x Sp(2k) gauge group. In the literature this class of 
models [24] have been studied, mostly without the probe D3-branes. In subsection 5.1, we 
show that once the probes are taken, these constructions could produce new M = 1 heterotic 
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dual given by k small instantons wrapping 2-cycles of a non-Kahler K3 manifold that is no 
longer conformally Calabi-Yau. As far as we know, the non-Kahler K3 manifold is a new 
construction as all previous models have only considered the conformally K3 case. Also these 
A/" = 1 examples are different from the examples that we study in 4. In subsection 5.2, we 
discuss how the F-theory picture looks like with the non-Kahler K3 base. We also analyze the 
model from M-theory point of view where the heterotic small instantons become M5-branes. 
We then discuss possible constraints on these models coming from global charge and anomaly 
cancellations in F-theory and study the implications of these constraints on the global and 
local symmetries of the underlying gauge theories. We end our paper with discussions on how 
to extend all the four models to incorporate more interesting gauge theory phenomena. 

The appendices are arranged in the following way. In appendix A we derive Seiberg- 
Witten curve and 1-form for pure Sp{2r) theory, starting from those with matter. In ap- 
pendix B.2 we fantasize on how to save the naive 1-1 mapping proposed in subsubsection B.l, 
circumventing the objection given in subsubsection 2.3.1. In appendix C we study various 
higgsings of Sp{2r). In appendix D, we explicitly compute the one-instanton contributions to 
r from the expressions for prepotential given in [25], for Sp{2r) curve with flavors where at 
least two of them are massless. In appendix E we discuss how tachyons can be made massless 
by choosing appropriate background fluxes. We do a simple analysis for flat backgrounds. 
Finally, in appendix F, we discuss the integrability of various M = 2 models studied here, 
and speculate issues related to AA = 1 integrability. 

1.4 What are the new results in this paper? 

In this paper we will be investigating a large class of models (shown in table 1), so for the 
benefit of the reader, let us point out what we consider new results that have come out from 
our work. 



Model 



Type IIB on 



F-theory on 



SUSY 



1 



rri2 



.a(-i)^i--T45 



M^ X M0123 



(K3) X M'' X ]R°i23 



A" 



n-i^iyL.x^, 



|1 X ]^0123 



(K3) X f X M0123 



A" 



Q-i-lfL-Xj, 



K3 X M0123 



(K3) X K3 X M0123 



AA = 2,1 



X 



a(-l)J-L.T45 n-i-iyL-Xsg 



R2 X M0123 



(CY3) X ]R2 X 



A' = l 



Table 1. The four different models, probed in each cases by multiple D3-branes, that we will be 
studying in this paper. All the four models have new interesting physics hitherto unexplored that 
will be the subject of this paper. The CY3 defined above in the last row is typically of the form 
T^ X (P^ X P^). Similarly for each row, a first factor in ( ) on the right column is an elliptic fibration 
over the first factor in ( ) on the left column. For Models 1,2, and 3, the directions for each space is 



while for Model 4 it is given as x' 



4,5 



1,9 r^ej 2;0,i,2,3 



We start with Model 1 which is multiple D3-branes probing F-theory on K3. For this model 
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we present: 

• Detailed study of curves and singularity structure, and including maximal Argyres- 
Douglas points for pure Sp{2r) gauge group. 

• An attempt to construct a mapping (homeomorphism, if possible) between moduli space 
of brane dynamics and that of pure Seiberg-Witten curve for the multi-probe case. The 
arguments based on combinatorics and dimensionality narrow down the possible choices, 
but perhaps too much. We discuss several puzzles related to this mapping and speculate 
ways to resolve them. 

Model 2 is physics of multiple D3-branes probing F-theory on K3 x TN„ with the seven-branes 
wrapped on the multi Taub-NUT spaces i.e TN„ spaces. For this model we present: 

• An alternative way to study Gaiotto-type models using fractional branes to probe the 
F-theory geometry with multi Taub-NUT spaces. 

• A study of a class of Gaiotto dualities via chiral anomaly cancellations, anti-GSO pro- 
jections and brane transmutations in a TN„ background with wrapped seven-branes. 

• A study of the ultra-violet and infra-red geometries using branes anti-branes system, 
including an analysis of the holographic duals. 

• A study of many conformal examples in Gaiotto models and a map to the brane network 
picture. Explicit examples of dualities in these models. 

• A study of many new non-conformal models directly from F-theory, including an inter- 
esting example of non-conformal cascading M = 2 theories. Examples of the mapping 
to cascading M = 1 theories. 

Model 3 is dynamics of D3 anti-D3 brane pairs probing F-theory on K3 x K3 with appropriate 
background fluxes to cancel both the anomalies as well as the tachyons. For this model we 
present: 

• Supergravity solution for brane anti-brane configurations probing K3 x K3 in F-theory 
with G-fluxes. Examples of anomaly-free consistent backgrounds. 

• The idea of the duality between abelian instantons and G-fluxes in M-theory. Examples 
of models that manifest this duality. 

• A connection to a non-trivial M(atrix) theory on K3 x K3 with fluxes. 

Model 4 is physics of multiple D3-branes probing intersecting seven-branes and seven-planes 
background or F-theory on a certain Calabi-Yau three-fold. For models in this category, we 
present: 
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• A dual map to the heterotic theory on a non-Kahler K3 manifold that is not a confor- 
mally Calabi-Yau manifold. 

• New examples of type IIB and M-theory compactifications on non-Kahler manifolds. 

Plus a few short results, unlisted here, are scattered throughout the text. Note that the paper 
is arranged in such a way that a reader interested in a particular model can skip ahead and 
go to the relevant section. 
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2 Model 1: Multiple D3-branes probing orientifold background 

After having constructed all the necessary background details in subsection 1.2, the sim- 
plest generalization is to incorporate multiple D3-branes as probes for the same orientifold 
geometry. This picture has been discussed first by [6] where they used the spectral curve con- 
struction to analyze the geometry. When we have r D3 branes probing the 07 geometry, we 
obtain Sp{2r) gauge theory [6], which is captured by Sp{2r) SW theory with an antisymmet- 
ric matter [26]. Here we will instead study the Seiberg-Witten curve and singularity structure 
for pure Sp{2r) theory to discuss the implications for the F-theoretic geometry, in the limit 
when the antisymmetric matter is very heavy. This way the subtleties due to the addition of 
anti-symmetric matter will not influence our analysis. The full analysis with anti-symmetric 
matter will be dealt elsewhere. 

Here we start with the main idea that massless BPS states are captured by vanishing 
1-cycles of SW curve. As reviewed in [4], BPS mass is given by the magnitude of the central 
charge, and the central charge of a BPS state is given by integrating 1-form Asw over 1-cycle 
v, i.e: 

Z=/asw (2.1) 



For pure SU{r + 1) and Sp{2r) cases, Asw does not blow up near vanishing cycles [27], and 
vanishing 1-cycle gives massless BPS states. For SU{r + 1) theories with flavors, [28] shows 
that this is true only up to a subtlety related to scaling dimensions of various moduli and SW 
1-form. See [29] and [30] for earlier works on scaling behaviour at Argyres-Douglas loci. 

But before we move ahead, first we would like to revisit the Seiberg-Witten curve of 
the familiar rank 1 Sp{2) = SU{2) case where subtleties like the existence of anti-symmetric 
matter are absent. 

2.1 The rank 1 case revisited: SU{2) versus 5*^(2) 

Our approach for studying this would be as discussed in figure 9: we move around in a 
moduli space surrounding a singular locus so that we are on a non-contractible loop. Once 
there, we can then observe how the branch points move around. This can give us all the 
vanishing cycles, which correspond to massless BPS dyons. 

In the literature, Seiberg Witten curves for SU(2) are written in multiple forms. In [2] 
the curve is expressed in the following way: 

y^ = (^x - u) ix{x - u) + -kA (2.2) 

whose generalization includes Sp{2r) curves given in [5]. On the other hand, the alternative 
form 

y2 = (3-2 _ ^^2 ^ a4 = (^2 _ ^ ^ ^2)(^2 _ ^ _ ^2) (2.3) 

given in [7] has an advantage of immediate generalization into Seiberg-Witten curves with 
gauge groups in A-D-E series. 
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u^ = -A' 




Figure 9. Vanishing 1-cycles of SU{2) SW curve given in the form of (2.3). As we move around on 
the u-plane (in tlie moduli space), branch points on the x-pleme move around. If we move around a 
singular locus in w-plane (on a non-contractiblc loop), the branch points collide with each other and 
then change with each other. 



We will consider Seiberg-Witten curves for pure Sp{2) = SU{2) theory written in two 
different forms given in (2.2) and (2.3). Let us name those curves Sp{2) and SU{2) curves 
respectively, given their generalizations into Sp{2r) and SU{r + 1) curves. We will discuss 
their vanishing cycles in detail to demonstrate that these two curves indeed capture the same 
physics. More elaborate exposition and higher rank cases for both Sp and SU will be given 
in [31]. 




A 




l^ 



.Vn 



1P^ 




Figure 10. A clearer view of how the branch points collide in the x-plane when we change the moduli 
in the u-plane for the SU{2) case. 



As explained in [7], the monodromy of SU(2) curve captures both massless dyon and 
monopole. The curve (2.3) has four branch points 



iVo,i = ±Vu + A^, Po,i = ±\/n-A2, 



(2.4) 



which are all distinct at a generic value of modulus u. As we vary n, a different pair of 
branch points will collide at different singular point in the moduli space: Nq and A'^i collide 
as ti — 7- — A^ and Pq and Pi collide as u — )■ A^ as denoted with blue and red in figure 9. 
Explicitly how this happens is described in figure 10. As we change the moduli of u along 
the real axis, we see how branch points move on x-plane. From the left, each figure happens 
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at different values of u as: 

n~-A^ -K^<u<K^, u^K^ (2.5) 

respectively. In the middle of figure 10, all the branch points are separated, and two cycles 
are drawn which correspond to a monopole and a dyon. As we vary the value of u (moving 
to left and right figures), each cycle vanishes at a point in the moduli space (all drawn in 
consistent colors), corresponding to either a monopole or a dyon becoming massless. 

Now, let us examine the monodromy of the Sp(2) curve of (2.2). We have total four 
branch points: three take finite values of x and one is at infinity. Shift x by x — t- x + u in 
(2.2) to obtain 

y-i = {^x + u)(x{x + u)+'^M^\. (2.6) 

Let us bring a branch point at infinity to the origin, so that it is easier to keep track of how 
cycles change. Perform x — t- 1/2x, y — ?• x'^y transformation to obtain 

y2 = x{l + 2ux) (1 + 2ux + AV) , (2.7) 

whose four branch points are 

Ooo=0, C'i = -^' Qo,i = -^(n±\/-A2 + «2). (2.8) 

At generic value of u, all four branch points are separated, but as we vary u, they can collide 
with each other. Figure 11 shows how branch points move on x-plane under changing 
the phase of moduli u while its magnitude is fixed at |n| = A^. Each of three non-zero 
branch points follows the track with the corresponding color. Blue, purple, and red tracks 
are trajectories of branch points Ci, Qq, and Qi- 

Figure 12 shows the magnified view of the branch points and branch cuts. In the 
middle figure, we have two 1-cycles in orange and green, which vanish in left and right figures 
respectively. As in SU{2) case in figure 10, they again correspond to massless dyon and 
monopole at appropriate locations in moduli space. Note that each cycle connects the same 
pair of branch points, but through different trajectories. 

The simple picture above can be extended to higher rank gauge groups. In the following 
we will elaborate the Sp{2r) case and discuss how various non-trivial singularities in the 
moduli space could be approached from various different angles. More details on monodromies 
around branch points etc. for pure Sp{2r) and SU{r + 1) will appear soon in [31]. 

2.2 Singularity structure of pure Sp{2r) curve 

Here we will study the singularity structure of the moduli space of the Seiberg-Witten curve for 
pure Sp{2r) theory. What one is most interested in would be the singularity of the Seiberg- 
Witten theory itself, which knows about Seiberg-Witten curve and also Seiberg-Witten 1- 
form. Here we make an argument that the singularity of pure Sp{2r) Seiberg-Witten curve 
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Figure 11. For the Sp{2) case the branch points moves around once we change the phase of the 
moduli u. One may see tliat the behavior is slightly different from the SU{2) cases plotted earlier. 
Blue, purple, and red tracks are trajectories of branch points Ci, Qo, and Qi respectively of (2.8), as 
we vary phase of u while fixing its magnitude |u| = A^. From the left, the values of u are A^, iA^, — A^ 
respectively. In other words, the phase of u are 0, 7r/2, n. 




Ci \X_ 




\x_ 




Figure 12. This is similar to the earlier figure for the Sp{2) case except that we magnify the 
various branch points and the branch cuts. One may now easily compare the 5^(2) story with the 
corresponding SU{2) case. 



is a subset of singularity of Seiberg-Witten theory. In other words, we can learn much about 
the singularity of Seiberg-Witten theory, just by looking at Seiberg-Witten curve. 

As in (2.1), BPS mass is given by integrating 1-form Asw over 1-cycle. In this section, 
we will look at various vanishing 1-cycles: as long as 1-form is not a delta function near 
the vanishing 1-cycles, 1-form will integrates to zero. We observe that SW 1-form vanishes 
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near the vanishing 1-cycles of Sp{2r) Seiberg-Witten curve. Therefore, aU the singularity 
we observe from the Seiberg-Witten curve will indeed be true singularity of Seiberg-Witten 
theory. 

On the other hand, it is not forbidden to integrate 1-form over non- vanishing 1-cycle only 
to get zero value for the integration. In that case, Seiberg-Witten theory will contain massless 
BPS state, which is not captured by vanishing 1-cycle of Seiberg-Witten curve. This will be 
highly non-generic, but currently we do not know whether this is prohibited either. So we 
will keep this as an option. 

Starting from the Seiberg-Witten curve in a hyper-elliptic form, we will analyze the 
singularity structure, whose simplest kind is captured by vanishing discriminant. For a given 
hyperelliptic curve y^ = fn{x) with fn{x) a degree-n polynomial in x 

n n 

fn{x) = '^aix' = anY[{x -ei), (2.9) 

the singularity is captured by the discriminant, which captures degeneracy of roots and is 
defined as 

AAfnix)) = al^-'ll{e.-e,f. (2.10) 

i<j 

We will use this to analyze singularity structure of the Seiberg-Witten curves. 

The Seiberg-Witten curve for pure Sp{2r) gauge theories in (1.10) factorizes into 

y^ = fsp{2r){x) = fcfQ (2.11) 

with 

r r 

fc = Yl{x-Ca), Ca = <Pl fQ = xfc + l6A''-^' = l[{x-Qi). (2.12) 

a=l 1=0 

Note that the fc = fQ = occurs only if A = 0. In quantum theories, we demand A 7^ 
and we learn that fc and /g never share roots. The discriminant on the curve effectively 
factorizes as 

A./sp(2r.) = (16A2^^+2)2^^(A,./c)(A./q). (2.13) 

So far, we only considered the Seiberg-Witten curve, ignoring how the Seiberg-Witten 
1-form changes in the moduli space of the curve. Considering Seiberg-Witten 1-form might 
change singularity structure of the moduli space. For example, there can be some delta 
function behaviour, where we integrate infinitely large 1-form over a vanishing cycle, only to 
get finite amount. In this case, the singularity will be removed. On the other hand, we might 
see some new singularity, if integrating 1-form over a non-vanishing cycle gives zero. It is 
possible that the SW curve alone might not capture everything, and SW form might bring 
some drastic changes to the singularity structure. 
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As derived in appendix A using [5], Seiberg-Witten 1-form for Sp{2r) theory without 
matter is given by: 

for further convenience, which can be written as, 

dx f xfc + 8A^'+' + ^y \ 



dx , 
log 



' fQ-8A'^+^ + ^y \ 

^2V^^"^V/q-8A2-+2-V^J- 

Let us observe how 1-form behaves near a vanishing cycle. First we will restrict in moduli 
space of the curve, so that we are near vanishing discriminant locus of the curve. Secondly, 
we restrict further along the Riemann surface, meaning that along the Riemann surface, we 
go to a neighborhood near a vanishing cycle. More explicitly we take A = and y = 0. For 
given hyperelliptic curve, we will require the RHS to have a double root of x, and by going 
near that region, we require y = 0, which means /c = or /g = 0. Plugging in y = 0, fc = 
and y = 0, /c = will give 1 inside the log( ) of the first and the second line of (2.15) 
respectively. Therefore, we confirm that 1-form vanishes near a vanishing 1-cycle. Therefore, 
singularity of Seiberg-Witten curve will survive as singularity of Seiberg-Witten theory, with a 
possibility still remaining that Seiberg-Witten 1-form might add, but not subtract singularity. 
Singularity of SW curve is a subset of SW theory, and in this paper, we study the former. 

At a generic point in rc-dimensional moduli space, Axf ^ holds and all the branch 
points are separated. As we bring branch points together, we will be reduced to a subspace 
with lower dimension. It will eat up Ic degree of freedom to bring two branch points together 
on x-plane. Each time we demand a branch point to collide with another, we lose Ic degree 
of freedom. For example, in a rank-2 case, if we demand two Qj's to collide with each other, 
it will happen in a codimension Ic locus in a 2c-dimensional moduli space. This loci can be 
parametrized by Ic number. For example, fg will take a following form: 

2 

fQ = xll{x-4>l) + 16A6 = {x- a)\x - b) (2.16) 

o=l 

where a is the repeated root with multiplicity 2. Demanding all the coefficients match order 
by order for x, we get 



The Weyl-invariant moduli u = —Y14>1. ^iid i' = H <^a ^^so are expressed in terms of Ic 
parameter 

leA'' 2 32A6 

u = -2a + — ^, v = a^ . (2.18 

a^ a 
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2.2.1 Maximal Argyres-Douglas theories occur at r + 1 points in Aif^ .^. 

Argyres-Douglas (AD) [32] loci occur where we bring n > 3 branch points together on x-plane, 
such that the curve takes a cusp form 

2/2 = (2;-af X--- . (2.19) 

Particularly, maximal AD points (n = r + 1) occur when we bring all Qi points together 
Qi = Q- This happens at r + 1 points in moduli space, whose location we compute here. If 
we demand all the r + 1 roots of fq to collide {Qi = Q), we will use up all the re degrees of 
freedom in the moduli space, and we will end up at countable number of points in the moduli 
space. These are maximal Argyres-Douglas points, where the curve develops Ar singularity. 

We obtain solutions with no free parameter satisfying the relation below: 

r 

fQ = xll{x-^l)+ 16A2'-+2 = (x - QY+\ (2.20) 

a=l 

First, demand all the coefficients match order by order for x. Prom the constant piece, 
16A2'^+2 = {-QY+\ we get 

/ 2717 \ 1 

Q = -exp( A:l(16)— A^, k e Z. (2.21) 

Note that the phase part gives (r + 1) different choices for Q, which are all Z^+i-symmetric 
among themselves, by the phase rotation on the complex plane. The physical interpretation 
of this phase rotation symmetry of the SW curve is unclear to us, it would be interesting to 
see whether this will affect the allowed orders of instantons just as in SU{2) Seiberg-Witten 
case. Recall that Sp{2) SW theory had instanton correction in every 4th order, and do we 
expect that Sp{2r) SW theory will have instanton correction in every 2(r+l)th order due to 
the Zr+i phase rotation symmetry of the SW curve? See figure 13 for arrangements of Q's. 
Now let us solve for gauge invariant moduli Uj's in terms of Q. From (2.20), we demand 
that the coefficients of the following 

X \ \ [X — ^' ' ^ "^'^ '^'''^'^ 



r 

jii\^'^[Y. ^i^i 1 ^'^" + • • • + ^ n (-'^') + ^-Qy^" (2-22) 



X 

a=l 




= x'-+i - 

\a=l / \a=l / a=l 

must match with those of 

r+l 



(x - Q)^+i = x^+i - (r + l)Qx' + • • • = 5^ ( "" ^ J x'^^-\-Q)K (2.23) 



fc=0 
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Therefore, we obtain following solutions for tij's: 



Ul = 



Y^^l\=-ir + l)Q=l ^^ U-Q)\ (2.24) 



a=l 



r + 1 



n2 = [J2^lcPlj = rYJQ', (2.25) 



Ui = r^.^\{-Q)\ (2.26) 



With the value of Q inserted from (2.21), these relations above locate maximal Argyres- 
Douglas points in the moduli space. Given that (2.21) allowed for r + 1 different choices of 
phase for Q, again we have Zr+i symmetric r + 1 points on the moduli space, where maximal 
Argyres-Douglas singularity occurs. Again the symmetry refers to the phase rotation, and 
the physical interpretation of this symmetry is unclear to us. 

Let us now solve for Cj's. As a simple exercise, recall that if we know symmetric com- 
binations of a and 6, namely a + b = —ui, ab = U2 we can solve for a and b in terms of Uj's 
from the fact that a and b are solutions to equation 

x"^ - {a + b)x + ab = x'^ + uix + U2 = 0. (2.28) 

We can do a similar trick, given that all the expressions above are symmetric in Cj's: {Cjj's 
are all r solutions to the equation 

(:.-9r'-(-gr'^v^/r + i\ ,_,^_^^,^„ ^^^^ 

k=0 \ / 

Note that the left hand side is a r-degree polynomial in x. It is easier to solve a similar 
looking (r + l)-degree polynomial instead, which is (2.29) times x on both left and right hand 
sides, given as: 

(x - Qy+' - i-QY^' = E ( "" t M x'^^'-H-Q)" = 0, (2.30) 

fc=0 \ / 

which has (r + 1) solutions by solving {x — QY~^^ — {—QY^^ = or equivalently 

{x-QY^' = i-QY-''- (2.31) 
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Figure 13. Location of roots on x-plane at maximal Argyres-Douglas points for pure Cg = Sp{12) 
theory. Note that there are r + 1 choices of roots. As seen from (2.21), the magnitude of Q is fixed 
however, its phase takes one of r + 1 values (a few of which are drawn in red color, in varying shades). 
For each choice of Q, C^'s will surround the given Q avoiding the origin as in (2.36). Though physical 
connection is unclear for the time being, note the resemblance to the figure 3 in [33]. 

Taking (r + l)'th root on both hand sides, we can easily solve for x in the following way: 



{x-Q)= exp ( — Y^ 



-Q), 



X = Q [ 1 — exp ( k 



ke 



(2.32) 
(2.33) 



Expressed in (2.33) are r + 1 roots of (2.30), which also includes a trivial root x = when 
A; G (r + 1)Z. Recalling the relation 



x(2.29) -^ (2.30), 



(2.34) 



the r solutions of (2.29) are all the (r + 1) — 1 = r solutions of (2.30) excluding x = 0. 
Therefore, solutions of (2.29) are 



X = Q ( 1 — exp ( k 



k £Z, k(j^ (r + l)Z, 



(2.35) 



and these are the values of {Cj}'s. The above formula (2.33) shows that r + 1 solutions are 
surrounding on a circle with radius |Q| around x = Q point as drawn in figure 13. Among 
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all (r + 1) solutions x = solution is excluded for {Q}. Therefore, we obtain r different 
values for Cj's for a given Q as below: 

{C^} = Wl} = Iq (l - exp (-^k]]\ , k€Z, ki{r + l)Z. (2.36) 

Note that all the Cj's take different values. One can interpret that bringing Qj's together 
makes Cj's to repel each other by the quantum distance determined by A: the similar phe- 
nomena also happen for two maximal Argyres-Douglas points for SU{r + 1) [4]. 

Here we showed that for pure Sp{2r) theory maximal Argyres-Douglas theories occur 
at r -|- 1 points which are all symmetric to one another. For pure S0{2r + 1) theory, [34] 
finds 2r — 1 maximal Argyres-Douglas points. Scaling behaviour at maximal Argyres-Douglas 
points for pure ABODE SW theory were studied in [29] and [30], and there are two such points 
in moduli space for ADE groups. For B and 0, number of maximal Argyres-Douglas points 
seem to be determined by dual Ooxeter number [34], and scaling behaviour is also being 
studied there. 

2.2.2 Singularity structure of 5*^(4) = C2 

Moduli space of pure 5^(4) = C2 theory is 2c = 4ir dimensional. Inspired by [7], let us take 
a 3k dimensional slice of the moduli space for viewing convenience. For example, to reduce 
one real degree of freedom, we will fix the phase of v, as in the left figure of figure 14. Each 
of the five n-planes, marked by (a) through (e) are slices at different magnitude of v. The 
blue and brown curves denoted by S's are where we have at least one massless dyons. These 
codimension Ic singular loci are captured by vanishing discriminant of the curve. When S's 
intersect, we have a worse singularity: massless dyons coexist at these codimension 2c loci. 
The SW curve degenerates into either cusp or node form. The shape of intersection loci of 
S's also take cusp or node form respectively, each leading to different kind of singularity 
(mutually non-local and local). Similar phenomena occur for pure SU{3) theory [7]. 

For each u-plane marked by (a) to (e) of figure 14, we have drawn corresponding x- 
planes in figure 15 displaying vanishing cycles on x-plane, for each slice. Let us have a closer 
look, staring from the top slice marked as (a). 

(a) At first, all the five singularity are separated on n-plane, which translate into 5 vanishing 

cycles on x-plane. Especially, two vanishing cycles Uq (brown) and V2 (blue) vanish at 
two different moduli loci Uq and U2 respectively. 

(b) Singularity loci Sq and Sj* intersect at \v\ = — 1^, with node-like crossing. On u-plane, 

two points Uq and U2 coincide at this slice of moduli given by |?;| = — 1^. The SW 
curve degenerates into a node-like singularity y^ = {x — a)'^{x — 6)^ x • • • . Two pairs 
of points collide with each other pairwise: it is not Argyres-Douglas form. Instead, the 
corresponding singularity is such that we have two massless dyons which are mutually 
local. 
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Figure 14. A slice of moduli space for pure 5*^(4) Seiberg-Witten theory. At u = 0, Ef and T,2 
intersect. More details for the singularity loci of 5^(4) = C2 = B2 = 5*0(5) theory will be discussed 
in [31] along with with monodromies and singularity structures of pure SU{r + 1) and Sp{2r) theories. 



(c) Change the moduli, now that Uq and U2 are separated. Dyon charges of vanishing cycles 
di not change as we go through node-like singularity of (b). Note that two reds Uq and 
u^, are separated but they are running toward each other. 



(d) As we change the magnitude of moduli v, Sq and S2 intersect tangentially at 



3. 



.Q 



Two points Uq and U2 on u-plane collide, and the vanishing cycles Vq and fg merge. 
In other words, three points collide at the same time on x-plane. The curve degenerates 



into cusp form y^ ~ {x — aY 



X- • • 



giving Argyres-Douglas theory with SU{2) singularity. 



with two mutually non-local massless BPS dyons. 

(e) Now Uq and U2 are separated. However note that the BPS dyon charges of vanishing cy- 
cles changed as we go through cusp-like (or Argyres-Douglas) singularity of (d). Instead 

o o' 

of 1^2 , now 1^2 is the new vanishing 1-cycle. 
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Figure 15. Singularity structure at slices of moduli space for pure 5*^(4) Seiberg-Wittcn theory. 
Vanishing cycles will be analyzed in [31]. 



2.3 Multiple D3-branes probing orientifold geometry 

From the singular behavior of the Seiberg-Witten curves of Sp{2r) theories, we can ask how 
they could be realized from our F-theory set-up. This is where we face the following puzzle. 
In the Sp{2) case we know that the gauge theory monopole and dyon points map to the 
two {p, q) seven-branes that appear from the splitting of the orientifold plane. In the Sp{2r) 
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case, as we saw from the above subsection 2.2, there are multiple singularity loci with various 
dimensions, including r + 1 maximal Argyres-Douglas points. How are these seen from the 
F-theory viewpoint? Furthermore in F-theory we only have an access to the x^ + ix^ = u 
plane, whereas the Sp{2r) case has a 2r^ = re dimensional Coulomb branch. How are the 
informations on the multi-dimensional Coulomb branch projected to two-dimensional u- plane 
in F-theory probed by r D3-branes? 

All the above points need to be first answered before we go about analyzing the dualities. 
The type HB (or the F-theory) background probed by multiple D3-branes is generically given 
by: 

Type HB on ^ , ^,„ ^ x R^ x R°^'3 ^ 
II ■ (— ij-^-f- •X45 

F Theory on K3 x M"^ x M°^23 ^2.37) 

where the type HB seven-branes wrap M"^ x M^^^^ and the probe D3-branes are oriented along 
the Minkowski M''^^^ directions. In the following we will however only consider the local 
version of the model (2.37) i.e consider R^ instead of T^. This means that all the extra 
massive charged states associated with R'^ — t- T^ are integrated out. 

Our conjecture now is that even for the multiple D3-brane probes, on the u = x"^ + ix^ 
plane the orientifold seven-plane again decompose into two monopole/dyon points. Thus 
although from the Seiberg-Witten curve we expect various singularity loci in a higher dimen- 
sional Coulomb branch, in F-theory all these dynamics are captured by the orientifold plane 
splitting into two distinct (p, q) seven-branes. 

This conjecture of the orientifold plane splitting into two distinct {p, q) seven-branes 
can easily be argued intuitively. When there is a single probe D3-brane the splitting is well 
registered by many authors [8, 9]. Once we increase the number of D3-branes probes and move 
the probes away from the 07-plane, why would the dynamics of the 07-plane be affected by 
the presence of probe branes? A more formal proof, by projecting the various singularity loci 
from a higher dimensional Coulomb branch to the two-dimensional u-plane, will be discussed 
elsewhere. Here we will suffice with our intuitive understanding of the issue. 

We would like to find a mapping between the moduli space of the Seiberg- Witten curve 
for pure Sp{2r) theory Mf^ .jr) ^^^ that of the D3-brane dynamics MrDS given by location 
of r D3-branes on u-plane. Both moduli spaces are rc-dimensional, and at this point we 
do not have reasons to believe that one theory contains more information that the other. 
Therefore we hope to find a 1-1 mapping between these two moduli spaces, which are also 
homeomorphism, so that a neighborhood will be mapped into a neighborhood on the other 
side, i.e: 

^ ■■ -^/S„2.) ^ -^r.D3, C : MrD3 ^ A^/,,(..)- (2-38) 

In other words, we want both B,C to be homeomorphism, which are inverses of each other. 
(Here the naming is such that B stands for brane dynamics, and C stands for the curve). 

Most rigorous way to build this mapping would be computing the BPS masses on either 
side and finding a map at a generic point in moduli space. This is considerably harder to 



26 



evaluate, therefore, as a first step, we will study various singular loci with niassless states, 
and see how the singular loci map with each other, as a group (rather than as a point). 

Two helpful guiding principles are consistency is dimension (number of degrees of free- 
dom) and combinatorics. We prefer B,C to preserve the correct combinatorics and dimen- 
sionality. 

Using the fact that we have 07-plane splitting into two and that branch points are 
grouped into two, one might naively suggest to have monopole point to be responsible for the 
degeneration of fq and the dyon for the fc for example. However, this doesn't work very 
well, because between fc and fq there is not a clean Z2 symmetry while there is a clear Z2 
symmetry between monopole and dyon; more over, all the maximal Argyres-Douglas points 
come from having fq to be maximally degenerate. 

Alternatively, we could get a hint from the fact that locations of monopole and dyon 
points and fq depend on A, while fc has no dependence on A. We propose the following 
scenario: 

• D3-branes at monopole and dyon location are responsible for the degeneracy of fq, 
while the degeneracy of fc can be captured by how we are distributing {r — i — j) 
D3-branes elsewhere and u = 00 

• If we have D3-branes on top of each other, then we will have singularity enhancement 
for fc- 

This preserves homeomorphicity, and works very well for various intersection loci. 



Tn = To{a - 'Ian) T{a) = — log [-] + ^ E^'l") 
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M, ^.K) = '^iog["^]-;£f:^?(T)' 
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Figure 16. Three special points on the moduli space of pure SU{2) Seiberg-Witten theory. The top 
right point corresponds to singularity at u ^ 00, and the given expression for prepotential J^ is valid 
for large u. The bottom right point corresponds to a magnetic monopole point at it = A^, and the left 
point corresponds to a dyon point at u = — A^. This figure is again taken from Lerche's review article 

[4]. 

Rank 1 case maps snroothly: dynanrics of a single D3-brane versus Seiberg-Witten curve 
with pure Sp{2) gauge group. Recall from figure 12 that two vanishing cycles for rank 1 case 
come from colliding two Qi points along two different trajectories. In some sense, monopole 
and dyon point only cared about location of Qi points. When D3-brane is infinitely far away 
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Mb3 


■^/S.(2) 


monopole 


dyon 


oo 


elsewhere 


1 





1 










S^^ for i = 0, 1 








1 





Moo (not related to a vanishing cycle) 











1 


generic location in moduli space with Axf ^ 



Table 2. One D3-brane probing the quantum corrected orientifold background. First four columns 
denote location of D3-branes (different locus in A^ds)- Its image by C map is given in the last column 
as a locus in A^/sp(2) • 

from the origin, there is also a monodromy associated with infinity given as M^o (see for 
example the review article of Lerche [4]). Mappings between moduli spaces are summarized 
in table 2 below for the rank 1 case. Note that fc does not know about A, so origin or 
infinity on u-plane are the only special location for D3-branes to enhance singularity of fc- 
Getting some hints from figure 16, we distinguish three points on the ii-plane. We claim that 
singularity coming from /g is related to locating D3-branes at u = itA^, while the singularity 
of fc is partially captured by D3-branes at u = oo. 

Rank 1 case presented in table 2 suggests that D3-brane probe treats some locations 
on ti-plane distinctively. We assume that multiple D3-brane probes will also single out these 
locations, and introduce the following notation 



[rm,rd;roo,{ri,r2,---}], 



(2.39) 



where rm,rii,roo denote number of D3-branes located at monopole, dyon, and at u = oo 
points on the u-plane, and r^'s denote groupings of leftover D3-branes put elsewhere. We 
put ';' inside (2.39) in order to divide fq and fc effects: numbers on the left of ';' affects 
singularity of /q, and those on the right of ';' affects singularity of fc- We may omit some of 
the elements when it is unambiguous (for a given rank, when all the rest is zero). 

The success of the 1-1 mapping for the rank 1 case might wrongly suggest that this 
could be straightforwardly extended to higher rank cases. The situation at hand is more 
subtle, part of the reason being the existence of anti-symmetric matter which was absent for 
the rank 1 case. To see this, the reader nray look up our discussion of a naive way of 1-1 
mapping between moduli space of multiple D3-branes and that of Seiberg-Witten curve in 
appendix B.l taking the anti-symmetric matter to be so heavy that it can be integrated out 
from the dynamics at low energies. The argument will be based on dimensionality of various 
singular loci and conrbinatorics of point-like loci. However, we will see that it conflicts with 
known properties of D3-brane dynamics - namely it will not give correct Argyres-Douglas 
loci. Therefore, in 2.3.1 below, we will give its modified version and discuss a partial mapping 
between these moduli spaces (again keeping the anti-symmetric matter to be very heavy) 
which does not seem to be 1-1. We will present a few puzzles with this new mapping - in 
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terms of dimensionality, combinatorics, and division between fg and fc- We will speculate 
various ways to resolve these puzzles, and end with a fantasy about under what condition the 
naive picture given in B.l could have worked. 

2.3.1 Tov^ards (1-1) mapping betvi^een moduli spaces 

Let us start by testing the naive mapping given in appendix B.l by considering correct D3- 
brane dynamics and in the process finding some mismatch arising from non- locality of various 
states^. We will again begin by assuming that the anti-symmetric matter is heavy so that it 
does not influence the dynamics of the system. The effect of the light anti-symmetric matter 
on the 1-1 mapping will be dealt elsewhere. 

We make necessary modifications in tables 4 and 5, however they suffer from new puzzles. 
We speculate on various ways to resolve the puzzles and also fantasize over a possibility where 
a naive map could survive physical tests. 

When the open string ends on D3-branes, it is charged with respect to the C/(l)'s carried 
by the D3-branes. We use a vector notation for charges carried by the open string, putting 
charges with respect to different D3's in different elements in the charge vector. 

{{pi,P2,P3,--- ,Pk),{qi,q2,q3,--- ,Qk)) (2.40) 

where pi, qi are electric and magnetic U(l) charges with respect to i'th D3-brane in the system 
and k is the number of D3-branes in the system. 

The intersection number of charge vectors is given as 

{{pi,P2,P3,--- ,Pk),{qi,q2,q3,--- ,qk)) n {{p'i,p2,P3,--- ,p'k):iqi,q2^q3r-- ,q'k)) 
= qiPi-Piqi- (2.41) 

When this number is (non)zero, two states are said to be mutually (non)local. 

Let us consider a few cases in rank 2 case, and analyze open strings states in the brane 
picture. Massive states might play some role, but let us restrict our attention to massless 
states in the paper. There might be 3-junction strings as well, with three ends on 3- or 
7-branes. However, if we only consider massless states, 3-junction string will have two or 
more ends on D3-branes and the rest on 7-brane - and all these D3-branes and possible 7- 
brane must be on top of each other, in order to keep the 3-junction string massless. Because 
7-branes are separated by a non-zero distance (2A^) on u-plane, we expect that 3-junction 
string with two or more ends on 7-brane to be massive . 

When we have multiple D3's on top of [p, g]-seven brane, (excluding 3-junction string for 
now), we will have massless strings in 3-3 and 3-7 sectors. On [p, g]-seven brane, only (p, g) 



®The discussion in this subsection was essentially clarified to us by Ashoke Sen. We thank him for numerous 
useful correspondences. We also thank Olivier DeWolfe and Jeff Harvey for useful comments. 

^We will ignore states like 3-3-7 with fluxes on the 7-brane, and assume them to be heavy. These exotic 
states might contribute to the anti-symmetric matter, and therefore speculations about their contributions to 
the 1-1 mapping will be delegated for future work. 
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string may end®. Therefore, in 3-7 sector, the open string can be only {p,q) type, and with 
one end on [p, q]-seven brane and another end on one of the multiple D3-branes. 

For simplicity, let us consider a system with only 3 D3-branes, which are on top of [p, q]-7 
brane. Massless open strings are presented in table 3. 



Sector 


Pi 


P2 


P3 


qi 


92 


93 


non-local wrt some states in 


3i-32 
3i-33 

32-33 


{{Pl2, 
((Pl3, 

((0, 


-Pl2, 

0, 

P23, 


0), 

-P13) , 
-P23), 


(912 , 
(913, 

(0, 


-912 , 

0, 

923, 


0)) 
-913)) 
- 923)) 


3i-3j's, 3i-7, 32-7 
3j-3j's, 3i-7, 33-7 
3j-3j's, 32-7, 33-7 


3i-7[p,g] 
32-7[p,g] 
33-7[p,<j] 


((p, 

((0, 
((0, 


0, 

P, 

0, 


0), 
0), 

p), 


(9, 

(0, 
(0, 


0, 
9, 
0, 


0)) 
0)) 

9)) 


CO CO CO 

CO CO CO 
CO to bO 

CO CO CO 
to to ^ 

CO CO CO 

00 Co 00 



Table 3. While p, q arc determined by the type of 7-brane, pij, qtj £ Z are not fixed - between a pair 
of D3-branes, any type of string may end at the same time. Note the sign choices in front oi pij,qij, 
which denotes the orientation of the open string. In the second column, we denote the electric and 
magnetic charges with respect to t/(I)'s of D3-branes. 

Note that 3j-3j sector allows various Pij,qij choices, and they are mutually non-local. 
Between 2 D3-branes, any types of (p, q) strings may end at the same time. Within one 
sector, we already have infinite number of massless states which are mutually non-local to 
each other^. Such a phenomenon does not occur in 3-7 sector, because given type of 7-brane 
restricts values of p, q charges: namely only (p, q) string may end on [p, g] seven brane. 

Since there easily occur infinite number of massless states which are mutually non-local, 
we will be counting number of sectors (which are finite) instead of number of massless states 
(which are infinite but countable). When we put n D3-branes near 7-brane, mutually non- 
local states occur 



within a 3i-3j sector: 



n(n— 1) 
2 ' 



between 3i-3j and 3j-3fc sectors: 3 



n 



n(n-l)(n-2) 
2 ■ 



and between 3j-3j and 3j-7 sectors: 2 



n 



n{n — 1) 



*By [p, g]7 brane, we mean a 7-brane where (p, q) string can end. This is a different notation from [20], 
where [p, (?]7 brane means a 7-brane where {p,q)5 brane can end. For example, (0,1) string or Dl-brane may 
end on (l,0)5-brane or NS5-brane and also on [0, l]7-brane, while (1,0) string or Fl may end on (0,l)5-brane 
or D5- brane and also on [1, 0] 7-brane or D7-brane. 

®At this point, the concept of state breaks down. 



30 



where after ':', we note number of ways to choose such (pairs of) sectors^*^. 

The counting above explains that putting a single brane near 7-brane will not give mu- 
tually non-local massless states (the combination vanishes for n = 1). We need at least 2 
D3-branes on top of each other in order to have mutually non-local massless states, and this 
can happen even far away from 7-brane. Further moving them near 7-brane provides extra 
mutual non-locality. 

Having some D3's at monopole and some others at dyon will give us some Argyres- 
Douglas theory, if there are at least two D3's on top of each other. However, we will get the 
maximal numbers of massless sectors which are mutually non-local, if we put all the D3's 
at the same location and on top of monopole or dyon. That is clear from counting pairs of 
mutually non-local massless sectors as given above. Putting all near a 7-brane will maximize 
number of pairs of massless sectors which are mutually nonlocal. 

From the curve analysis in the rank 2 case, Argyres-Douglas loci is made up of three 
points, and all of them are maximal Argyres-Douglas points. However, 2 D3-brane picture 
tells us that just putting D3's on top of each other anywhere already may provide Argyres- 
Douglas theory. We obtain more singular Argyres-Douglas theory by demanding D3's to 
coincide at special locations where 7-brane lies. In some sense, D3-brane picture is telling us 
that we have two types of Argyres-Douglas loci in the moduli space of brane dynamics - one 
with less singularity but with one degree of freedom (since the D3 pair can be anywhere on 
li-plane) and the other with more singularity with no free parameter left (since D3 pair is 
now pinned down to be at a 7-brane location). 



M2D3 


■^/SP(4) 


monopole 


dyon 


00 


elsewhere 


2 




2 











3 maximal Argyres Douglas points of S^ n S^ 
(Puzzle: combinatorics) 


1 


1 








(Puzzle: com, Q/C) 2 mutually local massless BPS? 


1 




1 


1 
1 






One massless dyon and M^o (?) 
or 2 mutually local massless BPS (?) 


1 




1 






1 
1 


Axfc + but A^/q = 
one massless dyon 








2 





Two Yf' vanish (related to v = loci) - some AD? 








1 


1 


Some sort of M^ ? 











{1,1} 


generic location with A^./ / 











{2} 


A^./c = but A^./q / - some AD? (Puzzle: dim) 



Table 4. Two D3-branes probing the quantum corrected orientifold background. The number of 
leftover D3-branes (put elsewhere) corresponds to the number of degrees of freedom. 



Since infinite number of states become massless, it will make more sense to count open string sectors, 
rather than counting states in each sector. 
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When we consider the higher rank case, the mapping does not seem to improve. From 
the rank r curve analysis, we know that we have r + 1 maximal Argyres Douglas points. 
The corresponding picture on the brane dynamics is when we have r D3's probing the 07 
geometry. The most singular configuration by D3-branes would be when we put all of them at 
7-brane. If we argue that 07 still splits into two 7 brane, then we have only 2 configurations 
for maximal Argyres-Douglas points. It appears that r + 1 points on the curve moduli space 
will somehow map to 2 points on the moduli space of D3-brane dynamics. But we expected 1- 
1 mapping between the moduli spaces. Namely, Argyres-Douglas loci on the curve happen at 
least for codimension-two or higher. However, now it occurs at codimension-one loci already, 
just by putting two D3's on top of each other. 



MrD3 


■^/Sp(2.) 


monopole 


dyon 


oo 


elsewhere 


r 





r 










r + 1 maximal Argyres Douglas points 
(Puzzle: combinatorics) 


r-1 
1 


1 
r-1 












some Argyres-Douglas loci (partial, not maximal) 
(Puzzle: dimension, combinatorics) 


1 





1 






|l.-i| 
{1^-^} 


A,fc / but AJq = 
S^ loci with one massless dyon 








roo 


{ri,r2,---} 


AD if any r^ > 2 (Puzzle: dimension) 



Table 5. Multiple D3-branes probing the quantum corrected orientifold background. (A partial table) 
The number groupings of D3-branes put elsewhere corresponds to the number of degrees of freedom. 

We observe that three new types of puzzles occur in the modified (partial) mapping 
between moduli spaces given in tables 4 and 5. 

• Combinatorics (com): We get m-n mapping instead of 1-1 mapping with m,n G Z. For 
example, for the maximal Argyres-Douglas points, it seems we need to map (r + l)-2. 

• Dimensionality (dim): Putting two D3 on top of each other (codim-1 in A^ds) seenrs 
to give us Argyres-Douglas loci, which is codim-2 in Mfg ,^y 

• Distinction between fq and fc singularity enhancement (Q/C): As listed above figure 
16, we distinguished the sources of singularities of fq and fc to be D3-branes put at 
monopole/dyon and elsewhere/oo respectively. However, with the modification, this 
distinction between Q/C breaks down for certain cases. 

Speculations tow^ard 1-1 mapping: We naturally expect 1-1 mapping between D3-brane 
dynamics and Seiberg-Witten geometry. We experience the difficulty in building 1-1 mapping, 
and some evidence point towards that it might be even l-oo mapping where this oo is not 
even countable, in that dinrensionality does not match correctly. How do we resolve these 
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problems in the scenario where the anti-symmetric matter is very heavy? Here we point out 
several ways we could obtain 1-1 mapping. 

• One could argue that our F-theory picture with D3-brane probing 07 is incomplete: it 
might be that not all maximal Argyres-Douglas points would appear on the brane-side. 
F theory configuration might be hiding some information still, for example hiding (r — l) 
other configurations for maximal Argyres-Douglas theories. 

• One possible way is to modify our old conjecture about 07-splitting. When r D3-brane 
probes an 07 geometry, it may be that 07 splittings into r + 1 different (p, g)7-branes. 
Putting all r D3-branes together at one of these r + 1 locations on u-plane will give 
us maximal Argyres-Douglas points, just as we get r + 1 maximal Argyres-Douglas 
points in the moduli space of the fsp(2) ■ However it does not seem physical because it 
is unnatural to expect that probes with smaller dimensions would make such a drastic 
change to the dynamics of much higher dimensional objects. 

• Can it be not 1-1? It is not forbidden to think that the mapping between moduli spaces 
is not 1-1 in the limit where we have isolated the contribution from anti-symmetric 
matter. However it does not seem very plausible because in all limits the mapping 
should work consistently. 

• When D3's are on top of each other all {p, q) strings between them become massless. 
However, we can consider deforming the theory away from such a singular locus, by 
taking D3's apart from each other. In such a case, all the (p, q) strings will become 
massive, however only a few of them will become the lightest, and that will be deter- 
mined by the coupling constant, which is again affected by relative location with respect 
to various 7-branes. For generic choice of coupling constant only a certain (p, q) and 
{—Pi —q) will become the lightest. However for a less generic choice of coupling con- 
stant, we might have a few states with the equal tension. In this sense, it is possible 
that putting D3's on top of each other at a generic point in u-plane might not actually 
give us Argyres-Douglas theory, resolving the dimensionality puzzle mentioned above. 

• It might be that massive states play some role here. For example the anti-symmetric 
matter that we assumed heavy, affects the dynamics. However, note that there is no 
open string connecting monopole and dyon 7-brane. They have different (p, q) charge, so 
no open string is allowed to end on them at the same time. However one could introduce 
3-string junction as mentioned earlier in footnote 7. For example, the antisymmetric 
matter appears only when we have multiple D3-branes. Having multiple D3-branes 
may allow us 3-string junction among two D3-branes and one 7-brane, which may be 
responsible for the antisymmetric matter the kind that we speculated earlier. It will be 
interesting to see how this could change the picture. 

Also, this might call for a more rigorous way of mapping the states. Namely, we are 
only mapping the massless states (therefore various singular loci in the moduli space). A 
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brute-force computation for BPS masses in both moduli spaces should be a more solid way 
of finding a 1-1 mapping. 

Before ending this section we should point out that in appendix B.2 we fantasize on how 
to save the naive 1-1 mapping proposed in apendix B.l, circumventing the objection given in 
subsection 2.3.1. 

2.4 Supergravity duals for the conformal cases 

So far we considered pure cases, i.e without seven-branes in our orientifold picture. However 
once we add D7-branes the theory can be made conformal if we can cancel the RR charge of 
the 07-plane locally by inserting four D7-branes on top of the 07-plane. 

As before, this system could be probed by multiple D3-branes. In the special case of 
zero axio-dilaton background, the world-volume theory on the probe D3-branes would be an 
M = 2,Nf = 4 conformal theory with 50(8) global symmetry [2]. In the limit when the 
number of probes becomes very large, the strongly coupled CFT will be captured by an AdS 
supergravity background, i.e type IIB on AdS^ x S^/7,2 background [35]. 

The above is the simplest case. There could be other arrangements of the seven-branes 
that allow non-zero but constant background axio-dilaton, for examples the ones studied in 
[36] . All these correspond to CFTs. The supergravity duals for the conformal cases may now 
appear when we have large number of D3-branes to probe the constant coupling backgrounds. 
These have already been studied in detail in [35] (see also the sequel [37]) so we will be very 
brief. Therefore in the following we will simply summarize the story, and no new informations 
will be added. 

The supergravity duals of [35] are based on the constant coupling limits studied in [36] as 
mentioned above. These constant coupling limits appear as the exceptional global symmetries 
of the underlying gauge theory on the probe D3-branes. If we parametrize the u-plane as 
u = x^ + ix^, then the metric near the vicinity of the coincident seven-branes with Eq,Ej 
and Es global symmetries are given as: 



^/^dup, \u^^/^duf, In^^/^dnP, (2.42) 



respectively. The rest of the discussions are straightforward. The near horizon geometries 
are now given by AdS^ x S^/Zn with n = 3,4, 6 respectively [35]. The A/" = 1 extension to 
the story was done in [37] where the near horizon geometries associated to various constant 
coupling cases were discussed. These near horizon geometries are relevant to Model 4 in 
section 5. 

This concludes our disussion about Model 1. In the next section we will describe Model 
2 wherein we will make our first non-trivial change in the geometry. 
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3 Model 2: Multiple D3-branes probing seven-branes on a Taub-NUT 
background 

Our next construction would be to generalize the above to a type IIB D3/D7 system. One 
of the simplest generalization is to replace the M^, on which we have the seven-branes and 
planes wrapping, to a more non-trivial four-dimensional space. The simplest non-compact 
example is an ALE space ^, or more locally, a Taub-NUT space. The supersymmetry of 
this configuration still remains A/" = 2 as one can incorporate this without breaking further 
supersymmetries in the system. Thus our second set of examples falls into: 



Type IIB on 



0-(-l)^i-X45 "" ^2 "" 



p0123 



F Theory on K3 x — x 

%2 



p0123 



(3.1) 



probed by a single D3-brane^^. As we will discuss below, once we increase the number of 
D3-branes, we can also make the Taub-NUT space multi-centered otherwise without breaking 
further supersymmetries. The brane configuration is given by figure 17 and table 6. In 



.6789 



Higgs branch 




Seven-Branes wrapping multi 
Taub-NUT space along K 



Coulomb branch 
45 



X' 



D3-Branes along )^'^^ 



Figure 17. Multiple D3-branes probing seven-branes on a multi Taub-NUT geometry. 

our configuration the D3-branes are oriented along the spacetime x*^'^'^'^ directions. The 
seven-branes (and seven-planes) are parallel to the D3-branes and also wrap multi-centered 
Taub-NUT space oriented along x^'^'^'^. Therefore as before, the Coulomb branch will be the 



complex u 



X 



-|- ix^ plane, whereas the Higgs branch will be along the Taub-NUT space. 



^^Although we will write the background as R'*/Z2 or more generally as R*/Zfe, we will always take the 
asymptotically locally flat case i.e introduce constant terms for the radius of the asymptotic circles in the 
harmonic function for R''/Zfe. See [38] for a more recent exposition. 
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3.1 Brane anti-brane on a Taub-NUT background 

Let us start with a singular Z2 ALE space along directions x^'^'^'^. The node is really a 
5-plane filling the remaining directions. Close to the singular point x^'^'^'^ = 0, the space 
can be replaced by a 2-centre (separated in x^) Taub-NUT metric with coincident (in x^'^''^'^) 
centres. This is equivalent to saying that we have two coincident Kaluza-Klein monopoles. 
We also know [39] that the Z2 orbifold hides half a unit of i?NS flux through the shrunk 
2-cycle S. The four moduli associated to this ALE space are three geometrical parameters, 
which can be thought of as the blowup of the ALE to form a smooth Eguchi-Hanson metric, 
and the Bns Aux [39]. 

Take a D3-brane transverse to the ALE space, filling the directions x^'^''^'^. (More gen- 
erally we start with r such D3-branes.) When the ALE space is singular, the world-volume 
theory of the 3-brane has two branches: a Higgs branch, when the brane is separated from 
the singularity along x^'^'^'^, and a Coulomb branch when the brane hits the singularity and 
dissociates into a pair of fractional branes which can move around only in the x'^'^ directions. 
However, if the ALE space is blown up, then the Coulomb branch gets disconnected from the 
Higgs branch because the 3-brane cannot dissociate supersymmetrically into pair of fractional 
branes. 

The fractional D3-brane is interpreted as D5-brane wrapped on a P^ with fluxes or 
D5-brane wrapped on a P^ with different choice of fluxes (see details below). Therefore an 
integer D3-brane would be a pair of D5-branes whose D5-brane charges cancel, hence they are 
really a D5-D5 (D5-brane - anti-D5-brane) pair (see also [18], [19, 40, 41] where a somewhat 
similar model has been discussed). However, they carry D3-brane charge by virtue of the 
Chern-Simons coupling on D5-branes. Denoting the world-volume gauge field strength on 
the D5-brane by -Fi, we have the coupling 



/ 



(5ns-Fi)aC4 (3.2) 

where C4 is the self-dual 4-form potential in the type HB string. At the orbifold point we 
have Jj, i?NS = 2 ^^"^ hence half a unit of D3-brane charge. The D5 (anti-D5-brane) (whose 
world- volume gauge field strength is denoted by F2) will have a coupling 



/ 



(5ns - F2) A C4. (3.3) 

Now let us also turn on a world-volume gauge field strength F2 on the anti-D5-brane and 
give it a flux of -|-1 unit through the vanishing 2-cycle S (more generally, we assign unit flux 
to the relative gauge field F- = F2 — Fi). In this configuration, the D5-D5 pair has in total 
D3-brane charge equal to 1, or more generally: 



(F2-Fi)AC4= / F_AC4. (3.4) 

In a slightly more generalized setting with multi Taub-NUT space the situation is some- 
what similar. To see this, let us consider a Taub-NUT space with m singularities as shown in 
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figure 18. Once we bring the D3-branes near the Taub-NUT singularities, they decompose 
as m copies of D5-D5 wrapping the various two-cycles of the Taub-NUT space. Each of the 
wrapped /c'th D5's can be assumed to create a fractional D3-brane on its world-volume via 
the world-volume Fi^k fluxes by normalising the total integral of Fi over all the two-cycles 
to equal the number of integer D3-branes. The D5 branes, on the other hand, are used only 
to cancel the D5 charges as their world-volume fluxes are taken to be zero. These fractional 
D3-branes can now move along the Coulomb branch as expected. T-dualising this configura- 
tion gives us D4-branes between the NS5-branes which may be broken and moved along the 
Coulomb branch. The above way of understanding the fractional branes has two immediate 
advantages: 

• Since every P'^ of the multi Taub-NUT space is wrapped by D5-D5, and the system is 
symmetrical, one is restricted to switching on same gauge fluxes on each of the P^'s. 
However for non-compact P^'s this restriction doesn't hold as the wrapped branes give 
rise to flavors and not colors, and one may switch on different fluxes. This will be used 
to understand the Hanany-Witten brane creation process later in the text. 

• Although the number of D5-D5 on each of the P^'s are the same, we can wrap additional 
D5-branes on each of the P^. The number of these additional D5-branes could be 
different for every P^'s. Such a conflguration will break conformal invariance leading 
to cascading theories^^. 

In the above analysis of fluxes, we have been ignoring one subtlety related to the orien- 
tifold action 0, discussed at the beginning of this section. Due to the orientifold action we 
expect all i?NS and -Brr fluxes that do not have one component along the x^'^ directions to 
be projected out. Therefore it would seem that due to the orientifold action the D3-branes 
cannot apparently dissociate into pairs of D5-D5 branes. However as is well known, quantum 
corrections in F-theory can take us away from the orientifold point, and we can study the 
theory completely in terms of local and non-local seven-branes without resorting to orientifold 
planes. Therefore we will henceforth assume that the F-theory background probed by the r 
D3-branes is described completely in terms of the seven-branes wrapped on multi Taub-NUT 
space which, alternatively, would also mean that we have a P^ with 24 seven-branes, i.e: 

> P^ (3.5) 



0-(-l)^i-Z 



■45 



Thus going to the Coulomb branch, by tuning all of x^''^'^'^ to 0, the picture is somewhat 
different. At this point a D3-brane splits into a pair of fractional branes which can move 
independently along x^'^. The geometric orbifold singularity now cannot be blown up any 
more. This is easy to see on the T-dual type HA side, where the D4-brane splits into two 



^^Instead, if we wrap additional D5's on the P'^'s, they will break supersymmetry. Also the number of 
D5-D5's on each P'^ should remain same so as to cancel the tachyons across each wrapped P^'s. 
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Taub-NUT circle 



(a) 



(b) 



Figure 18. In fig (a) the singularities of Taub-NUT space are shown. The compact direction is the 
Taub-NUT circle that is fibered over the base. The various points at which the circle (which is along 
x^ direction in the text) degenerate are the singular points. Between two singular points form a two- 
cycle, as shown in fig (b), once we assume that the x^ circle is degenerating along a line parametrized 
by the xJ coordinate. Thus the P^'s are labelled by x^''' coordinates in the text. 

pieces that stretch along the two intervals between the two NS 5-branes (one from each side 
of the x^ circle). These partially wrapped 4-branes can move independently along the NS 
5-branes, namely in the x^'^ directions. 

To summarize, the type IIB picture on the Coulomb branch is that the relative world- 
volume gauge field strength F^ on the D5-D5 pair must be turned on over the 2-cycle S and 
gives rise to a 3-brane in the space transverse to that cycle. The spacetime Sns hux over S 
changes the relative tensions of the wrapped D5-brane and anti-D5-brane keeping the total 
constant. The directions of various branes and fluxes in out set-up therefore is given in table 
6. Supersymmetry is preserved because the D5-D5 pairs wrap vanishing 2-cycles of the multi 
Taub-NUT space, in addition to the conditions mentioned earlier. There are also additional 
background fluxes like axio-dilaton, two-forms and four-forms. The metric of the Taub-NUT 
space will be deformed due to the backreactions of the branes and fluxes, that we will discuss 
later. All these effects conspire together to preserve N = 2 supersymmetry on the fractional 
probe D3-branes. Note that if the Taub-NUT cycles are blown-up then, in the presence of 
the seven-branes, supersymmetry will be broken. 

3.2 Anomaly infiow^, anti-GSO projection and brane transmutation 

There is an interesting subtle phenomena that happens to our system when we switch on a 
time- varying vector potential A^{t) along the degenerating one-cycle of the Taub-NUT space. 
However before we go about discussing this in detail, we want to point out an important 
property of the underlying Taub-NUT space, namely, the existence of a normalizable harmonic 
two form VL. For m-centered Taub-NUT there would be equivalently m normalizable harmonic 
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Table 6. The orientations of various branes and fluxes in out set-up. The dashed lines for the branes 
are the directions parallel to the world-volume of the branes; and for the fluxes and Taub-NUT space 
arc the directions along which we have non-trivial fluxes and metric respectively. The stars denote 
orthogonal spaces. Supersymmetry is preserved in the presence of vanishing cycles and background 
fluxes. 



forms $7,- 



1, 2, • • • ,171. The existence of these harmonic forms are crucial in analyzing the 



phenomena that we want to discuss. 

To see what happens when we switch on time-varying Wilson line, note first that the 
seven-brane wrapping the Taub-NUT space will give rise to a D3-brane bound to it. The 
charge of the D3-brane is given by the non-trivial i?NS background on the Taub-NUT. To see 
this, consider some of the couplings on the world volume of the D7-brane (we are neglecting 
constant factors in front of each terms): 



*Co + / C4 A F A Sns + / C4 A F A F + 



(3.6) 

These couplings are derived from the Wess-Zumino coupling /C A e^~^, where C is the 
formal sum of the RR potentials. The first term J *Cq gives the charge of the D7-brane. 

Coming back to our phenomena, notice that we cannot turn on a flat connection on this 
space. Instead, a self-dual connection can be turned on. This self-dual connection is of the 
form: 



F = dA = n, 



(3.7) 



where Q is the unique normalizable harmonic two-form on the Taub-NUT space. This har- 
monic two form, being normalizable, goes to zero at infinity, hence we have a flat connection 
there. At infinity there is an S^ and therefore the flat connection corresponds to a Wilson 
line^^. 

The above choice of background (3.7) however doesn't take the fluctuations of gauge 
fields into account. A more appropriate choice for our case is to decompose the field strength 
Fas 



F = n + Fi. 



(3.8) 



^''Multi-center Taub-NUT also known as asymptotically locally flat (ALF) space, locally asymptotes at 
infinity to R^ x S^. When the size of the S^ goes to infinity, we get the asymptotically locally Euclidean (ALE) 
space. 
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instead of just (3.7). Now Fi will appear as a gauge field on the D7 (or Taub-NUT plane). 
Inserting (3.8) in (3.6) and integrating out Q, we get the required D3-brane charge (see also 
[18] for more details). This confirms that a bound state of a D3 with the D7-brane appears 
once we switch on a self-dual connection (which is of course the Wilson line for our case) . 

However the situation at hand demands a time-varying gauge field on the world volume 
of the D7-brane. A typical time-varying gauge field ^^ can be constructed from Fi in (3.8) 
by making it time-dependent. Such a time- varying gauge field creates a chiral anomaly along 
the S^ at the asymptotic region of the Taub-NUT space. This 1 + 1 dimensional anomaly is 
of the form [42] 



!■ 



d^x uje^'daAi,, (3.9) 

where u is the gauge transformation parameter. Another way to see this anomaly is to dualize 
the D7-brane and the Taub-NUT space into a D6/D4 system oriented along ^'^'^'^''^'^'^'^ and 
^0,6,7,8,9 respectively^^. The chiral anomaly is along the x^ direction. 

It is now time to figure out the term that could cancel the anomaly. The term that we 
need here is given by: 

S= f G5AAAF (3.10) 

on the world volume of the seven-brane. Here G5 = (iC4, the pullback of the background 
four-form, in the absence of any source. The cancellation takes place via anomaly inflow. 
We have a coupling, (3.10), in (7+ l)d spacetime. Along a (1 + l)d subspace of this, chiral 
fermions propagate and give rise to the anomaly (3.9). Since D3-brane is the source for G5, 
we find that changing the Wilson line produces a change of flux of G5. In other words, a 
gauge transformation 5 A = duj on the world- volume will vary (3.10) by: 



dG5 A (ujF) (3.11) 

Since dG^ ^ in the presence of a source of G5 flux^^, we end up with: 

5S = - f d^xuj e^^daAb (3.12) 

resulting in the inflow which cancels the anomaly (3.9) by creating a D3-brane^^. 



^''Use the following set of dualities to go from one picture to another: T-dualities along x^'^'^'^ then a 
S-duality followed by another T-duality along x^'. 

^^Since Gs is self-dual, this switches on a D3-brane with orientations along a::"'^'^'"^ directions. 

^^ Another way to see this is the following. Switching on a D3-brane amounts to switching on an instanton 
action of the form 

jCch = / d'''y 6 eabcdF'^'' F""^ 

along the Taub-NUT world volume. Here 6 is the remnant of the D3-brane term in the CS coupling of the 
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The story is however not complete. There is an additional phenomena that happens 
simultaneously that actually reduces the number of D3-branes instead of increasing it (as we 
might have expected from the above discussion). This additional phenomena relies on the 
dissociation of the D3-branes into D5-D5 pairs discussed in the previous subsection. Recall 
that the tachyon between the D5 and the D5 is cancelled for F_ = F2 — Fi = ±1. Here we 
set 

F2 = 1, Fi = 0, (3.13) 

which also implies that F^ = 1 in (3.4), giving rise to a unit D3-brane charge. 

Now imagine that we change the world volume fluxes as described in figure 19: In the 
beginning, (Fi,i<2) = (0, 1) at t = 0, and then at some time they both become 2; finally at 
t = ti (Fi, F2) = (1, 0). As seen in the figure, when both the Fi fiuxes approach the mid value 
Fj = i the D3-brane charge in (3.4) vanishes. However at i = ti when 

F2 = 1^^^0, Fi = 0^^^1 (3.14) 

then one may easily check that the D5-D5 pair give rise to an anti-D3-brane (D3). However 
since the difference between the fluxes have still remained 1, the tachyon between the D5 
and the D5 continue to remain massless and the supersymmetry doesn't get broken by this 
process. Therefore this process transmutes a D3-brane into an D3! Thus switching on a 
time-varying Wilson line has the following two effects: 

• Chiral anomaly cancellation via anomaly inflow and creation of a new D3-brane. 

• D3-brane transmutation to an D3 brane via flux change. 

Together these two effects would remove one of the existing D3-brane in the system. Therefore 

the color degree of freedom would change via this process. If we do this multiple times, we can 

reduce the number of D3-branes in the model. Once we go to the brane network model, we will 

show that the above phenomena are related to the brane annihilation and the Hanany-Witten 

effect. 

Of course in the absence of the Taub-NUT space, none of the above arguments would work, 

and so there would be no brane creation. This is perfectly consistent with our expectation. 

Now imagine that we switch on gauge fluxes F = nfl. This would imply that we have 
two new sources of the form: 

,2 



C4, and n / C4 A(Bns --F'l)- (3.15) 



^la 



D7-brane or the more popular, ^-term of gauge theory. Now as shown by [43] a gauge transformation will 
effectively give us 

with the correct minus sign to cancel the anomaly. Incidentally if the above action becomes non-abelian, 
exactly similar computation will again cancel the underlying anomaly. Therefore the upshot is that, switching 
on a D3-brane oriented along x'^'^'^'^ directions will cancel the gauge anomaly in the system. 
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Figure 19. The gauge fluxes on the D5 and the D5 branes are changed with time. The red and the 
black lines denote two different changes with the same initial and final values. 



The latter doesn't break super symmetry as was explained in [18]. In fact overall the su- 
persymmetry will never be broken if we take r D3-branes and we simultaneously consider 
?7i-centered Taub-NUT. Therefore the r D3-branes wrap m different vanishing 2-cycles. 

From the above discussions we see that we have two models that are dual to each other 
while preserving super symmetry. The duality criteria for our case can be presented in the 
following way: 

• r D3-branes probing seven-branes wrapping a 7?^-centered Taub-NUT space. The D3- 
branes dissociate as m copies of D5-D5 pairs that move along the Coulomb branch as 
depicted in figure 22. The seven-branes could be arranged to allow for any global 
symmetries and axio-dilaton moduli, including the conformal cases. 

• Time-varying self-dual connections on the seven-branes along the Taub-NUT direction 
that create and transmute D5-D5 sources by changing the Fi in (3.2) and (3.3). Due to 
this some D3-branes may annihilate, thereby changing the local and possibly the global 
symmetries of the model. 

Our claim therefore is the following. The above two dual descriptions, coming from chiral 
anomaly cancellation, D3-brane creation and D3-brane transmutation, are related by the 
recently proposed Gaiotto dualities. In the next subsection we will supply more evidences for 
this conjecture. 

Note that the total moduli in both the models are exactly similar, although both color 
and flavor degrees of freedom may apparently differ. The seven-branes could be arranged such 
that we could either have F-theory at constant couplings a la [36], or non-constant couplings. 
However due to the underlying F-theory constraints, the flavor degrees of freedom remain 
below 24 although the color degrees of freedom could be anything arbitrary. In addition to 
that there is also a M-theory uplift of our model that is quite different from the M-theory 
brane constructions studied by Witten [44] and Gaiotto [16]. We will discuss this soon. 



42 



3.3 Mapping to Gaiotto theories and beyond 

After having constructed our model, let us try to map to some of the Gaiotto's constructions. 
Our first map will be to the brane network model studied by [20] recently. We will then 
argue how gravitational duals for our models, at least in the conformal limit, may be derived. 
These gravity solutions should be compared to the recently proposed gravity duals given in 
[45]. Our model can also be extended to the non-conformal cases just by moving the seven- 
branes around. In fact we will see an interesting class of cascading M = 2 models appearing 
naturally out of our constructions. Additionally, new states in the theory could appear in the 
generic cases when the D3-brane probes are connected by string junctions or string networks. 
In the later part of this section we will give some details on these issues, extending the scenario 
further. 

3.3.1 Mapping to the type IIB brane netvi^ork models 

Recently the authors of [20] have given a set of interesting brane network models that may 
explain certain conformal constructions of the Gaiotto models, including ways to see how the 
Gaiotto dualities occur from the networks. The obvious question now is whether there exist 
some regime of parameters in our set-up that could capture the brane network models of [20]. 



Coulomb branch 



Higgs branch 



D5 



D7 





NS5 



Figure 20. The simplest brane junction from our Taub-NUT configuration. 

It turns out the mapping to [20] is not straightforward. The orientations of various branes 
in our set-up are given in table 7. A naive T-duality along x^ and x^ direction will convert 
the Taub-NUT space to a NS5-brane oriented along x*^'^'^'^'^'^ and the D7-brane into another 
D7-brane oriented along x*^'^'^'^'^'^'®'^. However the D5-D5 pairs will continue as D5-D5 pairs 
although with a slightly different orientation. 

This is not what we would have expected for the model of [20]. Furthermore, because of 
the fluxes as well as other fields that have non-trivial dependences along the x^'^ directions 
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Table 7. The orientations of various branes in out set-up. Same as the earlier table but now the flux 
informations are not shown. 



T-dualities along these directions are not possible. Therefore there is no simple map to the 
brane network model of [20] . However we can go to a corner of the moduli space of solutions 
where: 



(a) We are at low energies i.e at far IR, so the D5-D5 pairs behave as fractional D3-branes, 



6,4 



(b) We have delocalized completely along the two T-duality directions x 



Under these two special cases together, we can T-dualize along x^''^ directions to convert our 
configuration to the brane network model of [20] as depicted in figures 20 and 21. In figure 
20 the configuration in table 7 is T-dualized following the above criteria to get to the brane 
intersection model in the top left of the figure. Motion in the Coulomb branch is precisely the 
decomposition of the D3-brane into D5-D5 pair, such that each of them support a fractional 
D3-brane. Once we have the fractional D3-branes we can move one of them along the x^'^ 
direction^^. On the other hand we also need to break the D5-brane on the seven-brane and 
move this along the Higgs branch, as depicted in figure 20. This is achieved by expressing the 
fractional D3-brane (on the D5-brane) as an instanton on the seven-brane and then further 
decomposing the instanton as fractional instantons on the seven-brane. Moving one set of 
fractional branes along the Higgs branch will eventually give us the brane junction studied 
by [20] as shown in figure 20. 

Clearly this T-dual mapping works most efficiently with fractional D3-branes and ignoring 
their D5-D5 origins. As we saw before, this dissociation is crucial in the presence of multi 
Taub-NUT space and therefore the mapping to [20] only works under special circumstances. 
It also means that once we map our model to [20] we may lose many informations of our model. 
In particular all the high energy informations, like the presence of D5-D5 pairs, fluxes and 
massless tachyons are completely lost on the other side. But certain low energy informations 
do map from our model to [20] . For example a crucial ingredient of [20] is the Hanany-Witten 
brane creation process that occurs when we move the D7-brane across the NS5-brane. The 
D7-brane is located at x^^ and the NS5-brane is located at x%^ . The relative motion of the 



Of course this is the generic case. But for wrapped D5-D5-branes there could be situations where in the 
T-dual set-up the D5-brane may terminate on NS5-brane (much like the one in [18]). 
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D7-brane will induce following T-duality map: 



d'y 



dt 



dt 



d'y e^'^aoAe, 



(3.16) 



which is of course one term of the chiral anomaly / toe daAb as we saw before. A cancellation 
of the chiral anomaly therefore maps to the brane creation picture of [20] , although the brane 
transmutation in our model (that relies on the dissociation of D3-brane into D5-D5 pair) 
cannot be seen directly from the T-dual model (although there may exist some equivalent 
picture) . 

Another interesting ingredient of [20] is the so-called s-rule that preserves super symmetry. 
In this configuration the D5-branes ending on same D7-branes must end on different NS5- 
branes, i.e not more than one D5-brane may end on a given pair of NS5-brane and D7-brane, 
otherwise supersymmetry will be broken. At low energy we saw that T-duality can map our 
model to [20] . The m-centered Taub-NUT space can map to the multiple configuration of the 
NS5-branes. Similarly, (p, q) five branes can be understood as explained above. The D5-D5 
pairs wrap the vanishing cycles of the multi Taub-NUT geometry and we may keep r pairs of 
D5-D5 with ?7i-centered Taub-NUT space. This means that there may not be a simple map 
of the s-rule of [20] to our set-up. This is understandable because making a single T-duality 
to type IIA along x^, and removing the seven-branes, give us the NS5/D4 configuration 
where multiple D4-branes can end on NS5-branes. However in this mapping all information 
of the non-local seven-branes are completely lost including informations about exceptional 
global symmetries etc. Thus our F-theory model including number of seven-branes captures 
additional information. 




r D5 anti-D5 branes 
onTN 



DELOCALISATION 



T-DUALITY 




Figure 21. Under special arrangement of the seven-branes, delocalization and T-dualities map our 
model to the brane network studied in [20]. For other configurations there are no simple map to the 
brane networks. The blue patches on both sides represent the seven-branes. The r D5-D5 pairs are 
wrapped on vanishing 2-cycles of a multi Taub-NUT space with m centers. 
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3.3.2 The UV/IR picture and gravity duals 



In the limit when we take the number of D5-D5 pairs to be very large, we expect the near 
horizon geometry to give us the gravity duals of the associated theories. One may arrange 
the seven-branes in such a way that the axio-dilaton coupling doesn't run. In that case the 
corresponding theories should be conformal at least both at UV and IR. Recently Gaiotto 
and Maldacena [45] have studied the gravity duals of some of the Gaiotto models and have 
provided explicit expressions for the IR pictures. In this subsection we will provide some 
discussions on this using our set-up. More detailed derivations will be provided in the sequel 
to this paper. 

wrapped D5 anti-D5 pairs 
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Figure 22. D5-D5 branes wrapped on 2-cycles of a multi Taub-NUT space. When each of these N set 
of D5-D5 pairs wrap vanishing cycles of the multi Taub-NUT space, they can give rise to [SU{N)]™ 
gauge groups where m denote the number of vanishing Taub-NUT 2-cycles. In the next figure various 
such pairs are broken and moved along the Coulomb branch. 

One aspect of the gravity dual should be clear from the F-theory model that we present 
here: the UV of the theory should be different from the IR. In fact we expect the UV to 
be a six-dimensional theory whereas the IR should be four-dimensional. This is bourne out 
from the following observations. In the UV, when the system is probed using high energy 
wavelengths, the complete large m Taub-NUT singularities should be visible. Therefore UV 
description should be given by a large r D5-D5 pairs wrapped on the vanishing 2-cycles of the 
muti Taub-NUT space. Because of the presence of D5-D5 pairs we expect the theory should 
become six-dimensional, and by arranging the seven-branes appropriately the UV should be 
a 6d SOFT. 

On the other hand the IR is simple. Since at IR we are probing the geometry with large 
wavelengths, the subtleties of the geometry will be completely washed out and we will see 
only a simple Taub-NUT space with no non-trivial cycles. The D5-D5 pairs wrapping this 
geometry will effectively behave as four-dimensional, and therefore the IR geometry should 
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be four-dimensional. 

We can make this a bit more precise. The supergravity solution for pairs of D5-D5 branes 
on a flat background can be given in the following way""^^ [46-48]: 



ds^ 



-v; 



V2 [dxQ 

A/2 



kdxjf + V^ ^'^dxl + V^ 
1/2, 



1/2 



dx{ + V2 



-1/2 



dXn 



+y2 i^i^dxl + dx?) + V2' {dxl + dxl + dxl + dxl) 



(3.17) 



where stability and supersymmetry requires us to switch on an electric field F^i with | Fqi p < 1 
and a magnetic field Fgy with opposite signs on the D5-D5 pairs. This is slightly different 
choice of the world-volume fluxes compared to the ones that we took in the previous sub- 
sections and in appendix E. One may however easily verify that both the choices result in 
identical physics^^. 

Due to the existence of an electric field (with say i = 6) there would be bound fundamental 
strings, and due to the magnetic fields Fgr there would be bound D3-branes. The D3-brane 



p(2) 



.(1) 



charge is then typically given by -Fgy — -FgV, as we saw before. If we keep the five-branes at 
the same point in the u = x'^ + ix^ plane but separate the anti five-branes very slightly along 
the r = Y^(x*)2 -|- (x^)^ directions, then 



Vi = l + ai 



1 



U|2 _|_ J.2 



+ 



+ {r 



k = P 



\ur + r^ 



+ {r - e)2 



(3.18) 



where ai,2)/3 are functions of gsJs] and the number of fundamental strings, D3-branes and 
five-branes respectively. Note that in k the two terms come with a relative minus sign, so 
that when e — )• 0, A; vanishes. 

The above picture is not complete as we haven't yet accounted for the multi Taub-NUT 
space and seven-branes. Let us first consider the multi Taub-NUT space oriented along x^'^'^'^ 
directions. The multi Taub-NUT space modifies the x^''^'^'^ directions in the following way: 

2 



u*TN 



i+E 



1 



W — Wn 



dw^+\l + Y, 



1 



W — Wn 



dx' 



+ Y^Frdxn , 



(3.19) 



\/\r\'^ + {x'^y denotes the distance along 



where a denotes Taub-NUT singularities and \w\ 
the Taub-NUT space. 

^*It would be interesting to compare the analysis below with the one done in [40] where supergravity solution 
related to D7 and fractional D3-branes is studied. Our analysis is very different from the one in [40] as we will 
be studying the system from its D5-D5 perspective, and not from its D.3 perspective, so as to capture the UV 
and IR behaviors. 

^^In this framework one might worry about the fundamental string oriented parallel to the seven-branes i.e 
along x^ direction. This can be dissolved in one of the D7-brane and then moved away in the u-plane, so that 
local N = 2 supersymmetry remains unaffected. This is equivalent to the statement that we can go to a frame 
where only world-volume magnetic field is turned on and the electric field is zero. In the framework studied 
in the earlier sub-section and in appendix E there are only fractional D3-branes and no fundamental strings. 
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In addition to the Taub-NUT space, we also have the seven-branes distributed in some 
way to give rise to the global symmetries in the theory. For generic distribution of the seven- 
branes the resulting gauge theory is not conformal. The metric orthogonal to the seven-branes 
along the n-plane is given by the following expression (see for example [49]): 



dsl = T2(n) 



24 



V\r{u))ll 



du 



^(n-ni)Vi2 



(3.20) 



where T2{u) is the imaginary part of t{u) on the n-plane and 7?(r) is the r/- function (we are 
using the notations of [49]). 

Now combining (3.20), (3.19) and (3.17) we obtain the total background metric. The 
dx^ component of (3.17) should be replaced by the U{1) fibration metric of (3.19) and the 
{dx'^jdx^) part of (3.17) should be replaced by the backreaction from the seven-branes, i.e 
(3.20). Together, the final picture would be pretty involved, and will take the following form: 



ds^ 



-hV,-%~'^\dxo 



kdxjf + hV^^'^dxl + hV-^'^dxl + hV-^'^ 



dXn 



+f5V,-^V^^^ [dx^ + Y^ F^dx' + kV^'\2{u) 



24 



V\r{u))j{ 



du 



L(n-n,)Vi2 



+hV^''dx^^ + 78^2/(^3;^ + dx. 



9;' 



(3.21) 



where we expect {f5,f7,f8) to be functions of (|u|,w) so that informations about the multi 
Taub-NUT space can be captured^'^. The other /j would definitely be functions of |u| but 
could have dependences on other coordinates too. The V^'s now specify the harmonic functions 
for all the wrapped D5-D5 pairs on the multi Taub-NUT two-cycles. 

In the above metric we can go to either the conformal or the non-conformal limits. The 
conformal limits will be given by some special re-arrangements of the 24 seven-branes whose 
individual contributions appear in (3.21). The non-conformal limits are of course any generic 
distributions of the seven-branes in (3.21). In addition, this limit can be probed by adding 
fractional D5-branes as will be explained in the next section. Each of the two limits would 
also have their individual UV and IR behaviors. The IR behavior for both the conformal as 
well as the non-conformal limits shouldn't be too difficult to determine from the above form 
of the metric (3.21). 

At IR we expect that all informations about the multi Taub-NUT space will be washed 
out (because we are probing the system with wavelengths larger than the resolutions of the 
Taub-NUT singularities). This means at IR the system is probed by D3-branes. We also 
expect 



k 



/3 



1 



1 



|m|2 _|_ j-2 |y|2 _j_ (|y, _ g^2 







(3.22) 



^''Note that the multi Taub-NUT geometry is deformed due to the backreactions of branes and fluxes in the 
background. 
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in (3.21), as the D5-D5 pairs would effectively overlap, and so there would be no dxodxi 
cross-terms in the metric. The metric then takes the following form: 

2 



ds^ 



1 



flVf'dx'o + hdxi + f2dxi + Udxi + ^V2 



h^x^ [dx'' -rY^F^ dx^ 



+ h^A + h{dx\ + dx\) + /6r2(u) 



24 



\r{n))Y^ 



du 



(3.23) 



which is very suggestive of the multi D3-brane metric provided certain conditions are imposed 
on (/i, • • • , /4) at IR. The condition that we want for our case would be the following obvious 
one: 

fiVf^ ~ fi (3.24) 

with i = 2, 3, 4. This is not too difficult to show. In the far IR, as we discussed above, the 
system is described by D3-branes probing the geometry instead of the D5-D5 pairs. This 
means that the Taub-NUT geometry is essentially decoupled from the D3-brane geometry 
implying that the metric seen along the D3-brane directions is given by the first line of (3.17) 
with k = i.e fi = fi. Additionally the other warp factor Vi is defined in terms of the 
fundamental strings, ai, as shown in (3.18). We can always make a Lorentz transformation 

(1 2) 

to go to a frame of reference where only world- volume magnetic fields, Fgy' , are turned on 
and the electric field, Fq^, is zero (see also footnote 19). Thus ai — )• and Vi Ri 1, so that 
(3.24) is satisfied. Therefore our ansatze for the IR metric will take the following form: 



ds 



IR 



^1 '^^0123 + -^1 



1/2 



dsi 



-1/2 



J"i ' {-dxQ + dxl + dx2 + dxi) + T2\dw\ 



Tri2 



J^3 [dx^ + Y P^^dx' + TiT2iu) 






24 



V'{r{u))ll 



du 



u. 



^yi^^ 



(3.25) 



where J-i are related to each other by supergravity EOMs. Thus the non-conformal IR limit 
does not have any immediate simplification. But if we go to the special arrangements of the 
seven-branes where we expect constant coupling scenarios [8, 36] then the EOMs connecting 
Ti should simplify to give us the near-horizon AdS^ geometry. 

On the other hand, our background (3.21) could also tell us about the UV geometry. At 
UV we cannot ignore the Taub-NUT singularities and therefore the D5-D5 pairs would wrap 
various vanishing cycles of the multi Taub-NUT geometry. The D5-brane charges cancel, but 
as we discussed before, the D3-brane charges add up and in fact the D3-branes are delocalized 
along the x^''^ directions. From the above discussions, we now expect the UV metric to be 
given by: 



ds 



1 



UV 



hV^Uxl + hdxl + f2dxl + Udxl + f7V2dx^r + /sUs^f ^ (d^^' + Y^ i^'dxM 



+vy2 



fsidxl + dxl) 



hMu] 



24 



2, 
T] [T 



w)n 



du 



\{u-u,yn^ 



(3.26) 
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Therefore the UV physics is now captured not by a four-dimensional spacetime, but by a six- 
dimensional spacetime! In the constant coupling scenario of [8, 36] the near-horizon geometry 
should give us an AdSi spacetime. It would be interesting to compare the UV and IR limits 
with [45] (and the earlier work of [40]). 

Before moving further, let us make two comments on the IR metric of (3.25). This will 
help us to compare our F-theory constructions with the brane constructions in type IIA [44] 
and the brane network in type IIB [20]. 

• The above metric (3.25) cannot come from a type IIA brane configuration with NS5, 
D4 and D6-branes. In fact even in the so-called delocalized limit the form (3.25) cannot 
be recovered. In particular it is not possible to see how the second term in the second 
line of (3.25) could appear from D6-branes of type IIA^^. 

• As we discussed in the previous subsubsection 3.3.1, a T-duality along x or x^ to 
get the brane network model of [20] is not possible because the metric (3.25) has non- 
trivial dependence along the u-plane! If we delocalize along these directions then we can 
recover the brane network of [20] but will lose all non-trivial information on the w-plane. 
Therefore the F-theory picture captures more information than the brane network of 
[20]. 

Thus from the above comments we see that the F-theory models are in some sense 
better equipped to capture non-trivial informations of the corresponding gauge theories as 
the probe branes have direct one-to-one connections to the corresponding gauge theories. 
The only restriction that we could see in our models has to do with the upper-bound on the 
number of seven-branes. F-theory tells us that the number of seven-branes have to be at 
most 24 otherwise the singularities on the w-plane will be too drastic to have a good global 
description [10] . This restriction on the number of seven-branes (or to the global symmetries 
of the corresponding gauge theories) should not be too much of an issue because one may 
resort to only local F-theory description assuming that the global completions may be done by 
introducing anti-branes that would preserve M = 2 supersymmetry up to certain energy scales 
(see also [52]). The energy scale may be chosen in such a way that all the above discussions 
may succinctly fit in. The global symmetries in these theories may then be made arbitrarily 
large so as to encompass most of the Gaiotto's models. It would of course be an instructive 
exercise to explicitly demonstrate a concrete example with a large global symmetry that, in 
the Seiberg-Witten sense, remains integrable. Once there, the far UV picture of this model 
should be interesting to unravel from our set-up. 



■^^One might observe that a T-duahty along the isometry direction of the Taub-NUT space i.e along the x^ 
direction, naively leads to a NS5-brane delocalized along the x^ direction. In [50] this issue has been addressed 
in great details and the final answer reveals an additional dependence of the NS5 harmonic function along the 
angular x^ direction (see also [51]). However similar analysis have not been attempted for the seven-branes, and 
at this stage it is not a-pnori clear to us how this T-duality should be taken to allow for localized gravitational 
solutions. 
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One final thing before we end this subsection is to analyze the background fluxes. At 
the far IR the six-form charges should cancel completely but at UV they should appear as 
dipole charges^^. The four-form charges should be quantized and should be proportional to 
the number of D5-D5 pairs. In addition to that there would be a background axio-dilaton 
t{u) that is a function on the u-plane, and NS and RR two-forms field with the required 
three-form field strengths. For the conformal cases we expect t(u) to take one of the values 
given in [8, 36]. These fluxes and branes deform both the Taub-NUT and the seven-brane 
geometries and together they preserve the required supersymmetry for our case. 

3.3.3 Mapping to the conformal cases 

The D5-D5-brane pairs at the Taub-NUT singularities also tell us what the UV gauge sym- 
metry should be for our case. Imagine we have a m multi-centered Taub-NUT geometry, 
then the N D5-D5 brane pairs wrapped around the m vanishing cycles lead to mN fractional 
D3-branes where each of the N fractional D3-branes carry a total RR charge of N/m in 
appropriate units. Since there are m copies of this, there is a total charge of N D3-branes, 
leading us to speculate the UV gauge symmetry to be m copies of SU{N), i.e: 

SU{N) X SU{N) X SU{N) x • • • x SU{N). (3.27) 

Once the wrapped D5-D5 pairs are decomposed in terms of fractional D3-branes^^, these 
fractional branes can now freely move along the F-theory u-plane, i.e the Coulomb branch 
of the theory^^. This is illustrated in figure 22. However even the individual set of N 
fractional branes may separate by further Higgsing to U{1) . In that case the individual 
fractional D3-brane carry a net RR charge of 1/m in appropriate units. 

It is now interesting to see how supersymmetry and global symmetries would constrain 
the underlying picture. Since the D5-brane charges cancel, the model only has fractional D3- 
branes and therefore the fractional-D3 and seven-branes preserve the required supersymmetry 
as we discussed before. However the global symmetries are crucial. So we should look 
for various arrangements of the seven-branes that allow t{u) = constant in the u-plane. 
These arrangements should be related to the models studied by Gaiotto [16]. One interesting 
example is related to the construction that we had in figure 20 wherein we showed how the 
simplest T-dual brane network may come out from our scenario. The D5-brane ends on the 
seven-brane, and so would any horizontal (i.e along x^) D5-branes in this scenario. However 
the NS5-branes and the {p, q) five-branes have to intersect the seven-branes as shown in the 
left of figure 23. From [20] we might expect the figure on the right where parts of the NS5 
and the {p, q) five-branes have been moved away along the Higgs branch. This configuration 



^■^For D5-D5 pairs, the tachyonic behavior emerges at distances of order v^ or less [53]. (See appendix E.) 
In a tachyon-free system, we expect D5-D5 to be separated by a distance larger than that, creating a dipole 
moment in the system. 

■^■^ Recall that there are no D5-brane charges in the background. 

^^Recall that if these D3-branes move along the Taub-NUT directions (i.e the Higgs branch) they become 
fractional instantons. 
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Figure 23. The brane junction tliat we get in the left of the figure may further be truncated by 
breaking the NS5 and the {p, q) five-brane and moving along the Higgs branch. However as we argue 
below, this may not be required to see the underlying dualities. 

is in principle rather non-trivial to get from the Taub-NUT scenario, but there is no reason 
for an exact one-to-one correspondence [20] as we argued earlier. The M = 2 dualities should 
in principle be seen as long as we have the D5-brane configurations right. 

To see further how this is implemented let us consider our UV configuration of a three 
set of three seven-branes wrapping three-centered Taub-NUT manifold with no fractional 
D3-branes. One immediate advantage of this is that, since there are no fractional D3-branes 
to start with, a T-dual map to [20] will be easier. The Weierstrass equation governing the 
background at a given point is given by: 

y2 = x^ ^ x{co + ciz) + bo + hz + b2z'^ (3.28) 

where we are choosing the split case of the Tate algorithm [54] where the choices of {ci,bi) 
can be read off from eq. (4.7) of [55]. This means that the discriminant locally is of the form 

A ~ z^ (3.29) 

and so if we have three copies of this on the u-plane, we are guaranteed that we will have no 
gauge symmetry but only a global symmetry of 

SU{3) X SU{3) X SU{3). (3.30) 

In one set of three seven-branes we can first switch on constant Aq fields so that a T-duality 
along x^ may lead to an arrangement of the seven-branes shown in the LHS of figure 24. 
Note however that due to the background axio-dilaton, the T-dual NS5-branes will not remain 
straight. The background axio-dilaton will affect the NS5-branes and they will in turn get 
bent. This phenomena is exactly what we see for string networks. In [56] it was shown how 
a network of {p, q) strings get bent in the presence of axio-dilaton. 

Once this is taken care of, we can switch on a time-varying gauge field on the same set 
of seven-branes in exactly the similar way we discussed earlier. This would create fractional 
D3-branes to cancel the gauge anomalies which, in the T-dual framework, is given by the 
RHS of figure 24. The other two sets of three seven-branes^^ can be arranged to intersect 



^^Clearly not all the seven-branes are D7-branes, as we would need [p,q] seven-branes for consistency with 
Gauss' law. 
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Figure 24. On the left is a non-susy configuration that appears from naive T-duality of the Taub-NUT 
model, as the branch cuts of the seven-brane (shown as solid black circles) would modify the parallel 
NS5-brancs configuration from the local axio-dilaton charges. This is similar to the deformation of a 
string- network from background axion as shown in [56] . The arrangement of the seven-branes along 
x^ direction come from the original framework of the wrapped seven-branes with Aq switched on. 
T-duality convert Aq to x^ shown on the left. On the right is the susy configuration by moving the 
seven-branes across the "bent" NS5-branes. 

the NS5 and the {p, q) five-branes. This is also exactly the configuration studied in [20] (with 
mild differences). 

Note that the above configuration is in principle different from the configuration of three 
fractional D3-branes probing seven-branes background where the seven-branes wrap multi- 
centered Taub-NUT geometry. The T-dual of the ?7i-center Taub-NUT space would be m 
parallel NS5-branes as above. The UV gauge group will be determined as (3.27) but we 
may only consider the low energy limit where the Taub-NUT singularities are not prominent. 
This however doesn't mean that we have recovered the above model because there would still 
be a remnant gauge symmetry in the model even at far IR. We may play the same game 
of removing fractional D3-branes by switching on time-varying gauge field on each of the 
Taub-NUT cycles but the model will not be similar to our earlier case and the gauge theory 
dynamics will be different. 

Coming back to our model, we can now rearrange the seven-branes using F-theory Weier- 
starss equation to go to another limit with a different global symmetry. This time the Weier- 
strass equation can be changed from (3.28) to the following local form: 



x' + z\ 



(3.31) 



implying a global Eq symmetry on the gauge theory side. From F-theory side the discriminant 
locus and the underlying four-fold Mq will become respectively: 



A 



M^ 



VZg X TN3 



(3.32) 



Observe that globally the K3 manifold has degenerated to its Z3 orbifold limit with a full 
global symmetry of Eq [36] . For this global symmetry we are indeed at the constant coupling 
point [36] (see also [57, 58]). 

In our Taub-NUT picture we have now redistributed the seven-branes now as three sets 
with eight seven-branes in each set. We can move the two set of sixteen seven-branes in the 
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u-plane so that we only allow a global symmetry of Eq. Our picture can also be supported by 
the T-dual brane network of [20]. This then would realize the Argyres-Seiberg duality [59]. 

Yet another example to consider would be to view the SU{3) global symmetry to come 
from an SU{4:) symmetry by Higgsing the 4. This means we are bringing in another set of 
seven-branes so that the overall configurations wrap a Taub-NUT with four singularities. The 
local Weierstrass equation now will be: 

y2 = x^ ^ x{co + ciz) + bo + biz + b2Z^ + bsz^ (3.33) 

with special relations between (q, bi) such that we are at the split A3 case [54]. These relations 
are worked out in [55] which the readers may look up for more details. The discriminant locus 
is as expected: 

A ~ /, (3.34) 

so that we have a global S'C/(4) symmetry. As before if we make three copies of this we will 
have the required global symmetry of SU{4:)^. This configuration maps directly to the brane 
network studied in [20] so we don't have to go through the details. It suffices to point out 
that the rearranged seven-branes may now give a global symmetry of (see also [36]) 

Et X E7 X SO{8), (3.35) 

so that the axio-dilaton remains constant throughout the u-plane. Locally near one of the Ei 
singularity the F-theory manifold is typically an orbifold of the form: 

]R''/Z4 X TN4, (3.36) 

which means that our K3 has become a Z4 orbifold of the four-torus. 

The above decomposition of the underlying K3 manifold into its various orbifold limits 
give us a hint what the next configuration would be. This would be the Zg orbifold of the 
four-torus so that the conformal global symmetry should be [36] 

Eg X Eq X SO{8). (3.37) 

Now since the Zg orbifold creates a deficit angle^^ of at most ^ we know that this is an 
orbifold with a fixed point of order 6. Therefore our starting point would be to put three 
copies of six seven-branes wrapping a Taub-NUT with six-singularities leading to an SU{6)^ 
global symmetry. This then clearly enhances to (3.37) with the local F-theory four-fold given 
by: 

MV^e X TNq. (3.38) 



^^Recall that for a singularity to be of an orbifold type the deficit angle has to be 2it (l — i) for a fixed 
point of order n. 
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The above set of configurations were studied without incorporating any D5-D5-branes in 
the background. Once we introduce the probes we wih not only have global symmetry, but 
also gauge symmetry. A special rearrangement of the seven-branes may help us to study 
the conformal theories leading to other Gaiotto dualities. We will discuss a more detailed 
mappings to these cases in the sequel. 

3.3.4 Beyond the conformal cases 

Since our model is a direct construction in F-theory, all informations of the type IIB back- 
ground under non-perturbative corrections are transferred directly to the D3-brane probes. 
This in particular means that arrangements of the seven-branes that lead to non-trivial axio- 
dilaton backgrounds would also be transferred to the D3-brane probes, except now they would 
appear as non-conformal theories on the D3-branes. A simple non-conformal deformation, 
with our set-up discussed in the previous subsection, is given in figure 25. This could be 
generated from S0{8) in (3.35) breaking completely to SU{2) by first going to SO{7) and 
then SO{7) breaking to SU{2) x SU{2) x SU{2). Recall from [60] that^^ 

50(8) = A^BC, (3.39) 

so that the perturbative pieces generate the subgroup SU{2) x SU{2). Separating the [0, 1] 
and the [1,-1] seven-branes from the bunch of the six seven-branes allow us to achieve this. 
Once we further break the other SU{2), we can easily generate the 248 of Eg from (3.35) via: 

248 = (3,1) © (1,133) © (2,56). (3.40) 

This is clearly a non-conformal deformation in the Taub-NUT background as the axio-dilaton 
values are no longer constant in the w-plane. It is interesting to note that if we take other 
model (3.37) then there exist a limit where the non-conformal deformation in this model is 
precisely the non-conformal deformation of the earlier case. This is when S0{8) in (3.37) is 
completely broken to U{1) by moving all the A, B and C branes except one A brane. Under 
this circumstances the 56 of Ei is easily generated from (3.37) for the D3-brane probes to 
see identical physics as the earlier case: 

56 = 1 © 1 © 27 © 27. (3.41) 

Finally, to see similar non-conformal deformation from the first E^ model that we studied 
above, we can go back to the unenhanced case for one of the Eq group, namely the SU{3)^ 



^^In the following A, B and C are the three monodromy matrices given as: 

''], B . f 4 9\ c . f 2 1 

ij y-i 2j \-i 

These monodromy matrices are derived from the monodromies around D7 and the two [p, q) seven-branes in 
figure 8 respectively. For more details the authors may refer to [60]. 
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Figure 25. A simple non-conformal deformation of the theory where the multiple D5-D5 branes are 
probing a Ej x Eg singularity. The global symmetry will have additional U{1) that are not shown in 
the figure. In the language of [60] the filled cireles are ^-branes, the empty circles are _B-branes and 
the filled squares are C-branes. 



global symmetry with the particular arrangements of the seven-branes as in figure 24. For 
this case the 56 of Ej is generated as (3.41), but the 248 of Eg is now generated via: 



248 = (8,1) e (1,78) e (3,27) (3,27) 



(3.42) 



provided of course that the remnant subgroup of SU{3) x SU{2) x ^(1) is completely broken. 
Only under this case the physics seen by the D3-brane probes will be identical. 

The above non-conformal deformations were extensions of the conformal theories with 
exceptional global symmetries. They aren't the simplest non-conformal models that we could 
study here. There exist simpler models if we introduce, in addition to the D5-D5-brane 
probes, some additional D5-branes wrapping vanishing 2-cycles of the Taub-NUT space. 

Let us take a concrete example where we have k D5-D5-brane pairs at a point in the 
Taub-NUT space with m singularities. In addition to these probes, let us also introduce Mi 
(with i = 1,- ■ ■ , m) D5-branes wrapping the m vanishing 2-cycles of the Taub-NUT space. It 
is immediately clear that the gauge symmetry now will change from (3.27) to the following: 



Y[SU{k + Mi) = SU{k + Mi) X SU{k + M2 



X SU{k + M„ 



(3.43) 



j=i 



The above theory is obviously non-conformal as the additional wrapped D5-branes break the 
conformal invariance already in the absence of any flavor symmetry. If we take the Taub-NUT 
and wrap M D5-branes on the vanishing 2-cycle, then the gauge group will be special case of 
(3.43), namely 



SU{k + M) X SU{k). 



(3.44) 
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This brings us exactly to the cascading models of [19, 40, 41, 61, 62] where the authors have 
argued cascading behavior in this model (see [61, 62] for a more recent study)! It is then 
clear that our model can have an even more interesting cascading dynamics because there is 
an option of having a much bigger gauge group as can be seen from (3.43). Furthermore due 
to the presence of seven-branes, the cascading model is of the Ouyang type [63, 64]. This 
means there is a chance that cascades would be slowed down by the presence of fundamental 
flavors, much like the one studied in [63, 64]. 

The connection to A/" = 1 cascade [65] is now clear: we can break the M = 2 super- 
symmetry by non-trivially fibering the Taub-NUT over the compactified u-plane. Writing 
n = Z4 = x^ + ix^, the fibration is explicitly: 

zl + z^ + zl = -zj = -u^, (3.45) 

which is an ALE space with coordinates {zi,Z2,z-i) fibered over the it-plane. Near the node 
^4 _ ^5 _ Q ^YiQ geometry is our familiar Taub-NUT space, and the equation (3.45) is a 
conifold geometry. This is dicussed in the next section in more details after (4.26). Once 
this is achieved the M = 1 cascading behavior can take over with the termination point 
governed by either a confining theory, or a conformal theory depending on the choice of the 
flavor symmetry. We will provide a more detailed exposition of these ideas pertaining to the 
cascading model in the sequel. 

There is yet another avenue that may open up if we go beyond the simple probe analysis. 
One such scenario is depicted in figure 26. In the F-theory framework there could be new 
states if we can connect multiple D3-branes via a string network (much like the ones discussed 
in [66]). When such a network of D3-branes are made to probe our Taub-NUT background, 
the IR physics would still remain M = 2 supersymmetric. Once we are away from the curves 
of marginal stability (shown on the left of figure 26) the dynamics of the D3-branes will 
be constrained by the network and so it would be interesting to unravel the world-volume 
dynamics. 

Before we end this section, let us take a slight detour and lift the simplest IR configuration 
to M-theory (that involves lifting the type IIB D3-branes with no network between them and 
no wrapped D5-branes to break the conformal invariances, to M-theory). This will in fact 
help us to go smoothly to the next model. In the following we will give a brief discussion and 
more details will be relegated to the next section. 

When we lift our configuration to M-theory we have a configuration of k M2 branes at a 
point on the non-compact four- fold K3 x TN„, where k is any integer. Since the four- fold is 
non-compact there is no anomaly or charge cancellation condition, and therefore any numbers 
of M2-branes can be added to the system. The various arrangements of the seven-branes go to 
the singularities of the torus inside the K3 manifold. The orientation of this torus gives us the 
quantum corrected type IIB axio-dilaton. Interestingly in M-theory, as we will see later, one 
may trade ojf some of the M2-branes with background G- fluxes (see also [67], [23]). This will 
be related to an interesting interplay between abelian instantons and branes. The G-fluxes 
appear as NS and RR fluxes in the type IIB side. The NS fluxes could be gauge transformed 
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strings - 



D3-brane 




Figure 26. New D3-brane states in the theory. The DS-branes are eonneeted by either a 3-string 
junction or a string-network. These are stable states at IR and exist outside the corresponding curves 
of marginal stability. 

to F-fluxes on the seven-branes^*^ . Of course the physics of these fluxes is different from the 
physics of the self-dual fluxes (3.7) that we used to understand Gaiotto-type dualities. 

This basically concludes our discussion about the connection between a class of Gaiotto 
models and F-theory with a multi Taub-NUT space. In the following section we will further 
modify the Taub-NUT space and study the subsequent implications. 



'Note that as we are not at the orientifold point the _Bns fluxes could be oriented parallel to the seven-branes. 
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4 Model 3: Multiple D3-branes probing seven-branes on a K3 background 



All the above consequences with Taub-NUT spaces have rather straightforward explanations. 
An interesting question to ask now is what happens if we compactify the Taub-NUT space? 
Any generic compactification will break supersymmetry, but if we replace the Taub-NUT 
space by a Z2 orbifold of T^ or by a K3 manifold then supersymmetry will be restored. 
However now due to the compactness of the internal space, new complications will arise. 
This can be easily seen by lifting the configuration to M-theory as before. We now have 
M-theory on either K3 x T'*/Z2 or K3 x K3 manifold^^. In the absence of fluxes this system 
can only be probed by 24 M2-branes. One may be able to reduce the number of M2-branes 
by switching on G-fluxes [22], [67], [23], so in type IIB we can only have 24 D3-branes probing 
the background in the absence of three-form fluxes, or lower number of D3-branes if we switch 
on the three-form fluxes. It is also important to note that the D3-branes, in the presence 
of K3 manifold, cannot dissociate into D5-D5 pairs because such configurations will break 
supersymmetry. This also means that F-theory on K3 x K3 do have an orientifold limit probed 
by the D3-branes, a fact well known from earlier works [23]. 

Our next question would be to see if we can argue for brane creation here also. With a 
little effort one may convince oneself that there would be no 1 + 1 dimensional chiral anomaly 
here, and therefore no reason for creating any D3-brane sources. However this model has 
two different dualities. The first one stems from the fact that the system is defined at an 
orientifold point. This duality will take us to the heterotic theory where the 24 D3-branes 
would become 24 small instantons. The second one stems from the situation when the system 
is away from the orientifold point. Now the background can be probed by multiple D3-D3 
pairs, but this time the duality will lead to strongly coupled type IIB on another non-Kahler 
manifold or even to an interesting M(atrix) theory! We will start by elaborating the first 
case. 

4.1 F-theory/heterotic dualities and a supergravity picture 

There are two distinct cases that we need to understand from the heterotic dual. The first 
case is when the type IIB background is probed by 24 D3-branes, and the second case is when 
the type IIB background is probed by r D3-branes where r < 24. These two cases could 
also be analyzed from M-theory, as M2-branes probing a four-fold geometry. In past such 
scenarios in M-theory were addressed with fiuxes on a four-fold [21]. However the scenario of 
[21] with fiuxes may be replaced by branes using a simple trick. To illustrate this, consider 
M-theory compactified on a four-fold Ms- This background becomes unstable, unless fiuxes 
satisfying 

GAG= ^ 
Ms 24 



^^A more non-trivial manifold to consider will presumably be (T'* x T'*)/ (Z2 x Z2) with the two Z2 actions 
acting in various different ways on the two T**. In this paper we will only take the simplest Z2 actions whose 
blow-ups are given by K3 x K3. More non-trivial actions of the Z2 groups will be investigated in the sequel. 



59 



are included. Here x is the Euler characteristic of M.%. The background is described with a 
warp factor A in the following way [21]: 

Goi2m = 5^A-3/2, □^3/2 ^ gou^ces. (4.1) 

The above background was derived in [21] without resorting to any branes. Now imagine that 
we replace the fluxes by n = x/24 M2 branes. The background then is the usual background 
with M2-branes which, in turn, has the following standard form: 

ds^ = H^^/^dsl^2 + H^'^^dsi^s 

Goi2m = 2^2~' '-'-^ = sources, (4.2) 

where G is the source. The two backgrounds above, i.e. equations (4.1) and (4.2), become 
equivalent if we identify H = A^' ^ . 

The above identification is not a big surprise as one could have rederived the result of 
[21] using (4.2). However a more general statement could be made at this stage which is not 
that obvious: if we can replace branes by fluxes (or vice- versa if the system is compact), the 
backgrounds for the two systems become identical. 

Motivated by the M-theory argument, we can ask if we can play the same game in the 
heterotic side. Let us first consider the case when the type HB background is probed by 24 
D3-branes. We will also take the M-theory four-fold to be K3 x K3. In the heterotic side 
this would be related to the conformal K3 flux background, i.e in the heterotic side we have 
^-fluxes (RR three- form fluxes for type I) . We would like to interpret these fluxes as heterotic 
NS5-branes (D5-branes for type I) wrapped on a torus, exactly as we did for the M-theory 
case above. The metric for a NS5-brane at a point of a non-compact K3 and a compact T^ 
along x^'^ is 

ds = dSoi2345 + -^5 dSf^2,^ 

n^^up = V5 e" ^^up da^, e't' = y/lh. (4.3) 

Under an S-duality (4.3) is mapped to the D5-brane metric of type I. By redefining the 
harmonic function of the NS5-brane as H^ = A^ we will reproduce the standard conformal 
K3 result of [68] with dilaton (p as: 

ds^ = dsl,^,,, + e^Usl, (4.4) 

with m = 2. Thus, in order to understand how the sources are mapped we express (4.3) in 
complex coordinates 

-Ha-ab = {ga-agbl " gaWla) ^'^ d^cj, = d^e^'^ = d^A^ , (4.5) 

which agrees precisely with the torsional equation of [69]! 
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Since the internal manifold K3 x T^ is assumed to be large in appropriate stringy scales, 
the 3+1 dimensional theory will be weakly coupled'^'^. The absence of cross terms in the 
heterotic metric (4.4) implies that there is no H^^s Aux. The above arguments also give us a 
simple way to verify that supersymmetry is preserved on the type IIB side. 

Let us now turn to the second case where we probe the type IIB background with r < 24 
D3-branes. A lift to M-theory will tell us that to cancel global charges and anomalies we have 
to switch on fluxes. In the type IIB side this means that we should have three-form fluxes as 
well as D3-branes. 

This situation is more non-trivial and has not been addressed in the literature. If 
r = then the heterotic dual is given by the well known non-Kahler manifold discussed 
in [23, 67, 71-73]. However if we have both branes and fluxes then the non-Kahlerity will be 
further effected. In the following therefore we will assume that, motivated by the equivalence 
between (4.1) and (4.2), the warp factor in the M-theory lift of this case will capture both 
the information of the fluxes as well as the M2-branes in the limit where the M2-branes are 
probes. This will immediately imply that the type IIB metric is given by: 

ds'^ = A~^dsli23 + ^ dsj^s + ^ dspi , (4.6) 

with all the internal directions proportional to the same power of the warp factor A. This warp 
factor is not just the harmonic function of a D3-brane, i.e A ^ \/H^. On the dual heterotic 
side we will have NS5-branes wrapping the fiber of the non-Kahler manifold. This is different 
from the discussion for the earlier case where we had heterotic NS5-branes wrapping a torus. 
It would then seem that the crucial difference between the two cases come from the wrapping 
modes of the heterotic five-branes. However the situation at hand is little more subtle than 
that. 

First we should ask what it means to introduce ^ number of M2-branes at a point on the 
four-fold geometry. One simple way to interpret this would be to go back to the Chern-Simons 
coupling J C AG AG and demand that: 

GAG = ^xS'iy-yo) (4.7) 

i.e switching on localized G-fluxes in M-theory. This immediately implies that in the type IIB 
side we have 24 D3-branes as small instantons on the seven-branes, as the localized G-fluxes 
in M-theory map to the seven- brane gauge fields [23, 72]. They in turn are obviously the 
heterotic small instantons! 

On the other hand one may not demand (4.7) but still switch on a source of J G via 
switching on non-zero J G A G over the four-fold. These cannot be the heterotic small in- 
stantons as there are no small instantons in the type IIB side. All informations about the 
small instantons now go as torsion into the heterotic side to deform the three-fold into a 



'^'^The four-dimensional coupling is inversely proportional to the volume of the internal space. Although for 
us only a large K3 may suffice; for other reasons elaborated in [70] one would prefer large sized KS x T^. 
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non-Kahler manifold. Therefore replacing branes by fluxes in M-theory would amount to re- 
placing abelian C-field small instantons by deformed instantons. These deformed instantons 
can be viewed as the small instantons being fattened to a finite size. Or more appropriately, 
in type IIB theory this would mean that the D3-branes are dissolved in the seven-branes, and 
then the instanton sizes are increased such that: 

CA^F^F -^ CiAHNs/\HRR. (4.8) 

The equivalent picture on the heterotic side will be that of a conformally Kahler manifold 
with small instantons going to a non-Kahler manifold with torsion replacing the instantons. 
A somewhat similar picture was recently proposed in a slightly different scenario involving 
Af = 1 dualities in the heterotic side in [74, 75]. 

The above considerations related to the three-form background in the heterotic/type 
I case may also be verified using the analysis done in [76]. Here it was shown that the 
heterotic three- form is determined in terms of generalized calibrations of [77] , related to the 
G-structures of [76]. According to these references, there exist a generalized calibration- form 
S, which determines the possible three- form background Ti in the heterotic theory via the 
relation [76]: 

*n = d^ + ^Ad(l) (4.9) 

where (p is the dilaton. For the six dimensional non-Kahler manifold studied in [71, 72, 78] 
this would reproduce the relation that we derived in [73] via the superpotential. For the 
present case of conformal K3, the first term of (4.9) would vanish. Further confirmation of 
the choice of the metric that is taken here (i.e the conformal K3) comes from analyzing the 
torsion classes [70, 76, 79]. For the conformal K3 case, we get 

Wi = W2 = Ws = 0, W4 = Ws = 2 #, (4.10) 

where Wj, i = I,--- ,5 are the five torsion classes. Since all these details have already 
appeared in [70, 76, 79] we will not repeat them here. It is now well known that taking a five 
brane — wrapped on a calibrated cycle of a given manifold — we can reproduce the torsional 
constraints in any dimensions. We have simply shown that the M = 2 examples that we 
study in this paper also fall in this general category. It is a happy coincidence that all these 
way of deriving the results are mutually consistent. 

4.2 D3 brane-antibrane probes and a class of type IIB duals 

The above connection between abelian C-field instantons and non-localized G-fluxes lead to 
another interesting extension of the present model. In this model we can allow (24 -|- r) 
D3-branes and r D3-branes to probe the F-theory geometry, where r could be any large or 
small integer. It should be clear from our discussions for Model 2, the tachyons between D3 
and D3 can be made massless by switching on appropriate fluxes on the world- volume of the 
three-branes. The system could preserve some supersymmetry, and for special arrangement 
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of fluxes even J\f = 2 supersymmetry can be preserved. However due to the world-volume 
fluxes, the system has to be away from the orientifold point, as orientifolding will project 
out all fluxes that have even number of components along the orbifolding directions. This in 
particular means converting m? = tachyon to m? < 0, resulting in the annihilation of all 
D3-D3 pairs. The final heterotic dual would be what we studied in the above subsection 4.1. 
The situation can be improved if we are away from the orientifold point. Now all world- 
volume fluxes are allowed, and we can ask what sort of dualities can be constructed from this 
scenario. The type IIB metric for r multiple D3 D3-brane probing a K3 x ]R^/Z2 is given by 
the following metric written in a slightly suggestive way (and using the notations of [46-48]): 

ds^ = ^(^-^ + dxlj + W (^^ + dxl + dsi^^ 

2 T/^^2 



-^ (-^ + ^ + Vdxl + dxi^ + v^(i43xMVZ2- (4-11) 



The first line of (4.11) should be thought of as a D-string metric in the far JR. As we go 
to higher energies the delocalization becomes more apparent and we start seeing a four- 
dimensional metric as shown in the second line of (4.11). Note that this situation is different 
from the D5-D5 pairs as the D3-D3 pairs are left unwrapped. Therefore the four-dimensional 
physics emerges even at low energies. Furthermore, this picture is somewhat similar to [80] 
and therefore we should expect a gauge group of the form SU{r\r) (see also [81]). Our system 
is stable and all bound branes are delocalized along the world-volume of the three-branes. 
Therefore, as mentioned above, the physics is captured by four-dimensional gauge theories. 

Another interesting point is when we partially break the gauge group. We can break 
the gauge group by pulling some numbers of branes or anti-branes to infinity. If we define 
a quantity called k as in (3.18) then breaking the gauge group would amount to adding the 
following metric to (4.11): 

dsl^^ = jj^ {-k^dxl + 2kdtdxi) , (4.12) 

somewhat similar to what we saw in (3.21). In the usual case, as we saw before, typically k 
vanishes when the full supergroup is realized. 

To lift this configuration to M-theory, we will continue keeping M? /7j2 as the non-compact 
orbifold limit of P-*-. The M-theory lift is then straightforward: 



ds' = U'/'i-^ + ^+dxl]+U'/' 



2 ~2 V f V -I 

ds^, + ^2:3 -I- — ( dxii -\ Tl~dt 



(4.13) 



where 51 = K3 x M?/Z,2 is the six-dimensional internal space and X3 is the dual compact cycle. 
There is also a three- form field coming from the electric field switched on the D3-D3 pairs^^: 

C = {l + U-^)dtAdxiAdxu- (4.14) 



•^^There are expectedly no M2-brane sources in the background (4.13). However in the symmetry breaking 
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Let us now consider the case where we coinpactify the orbifold 'M? /'L2 to P-*-. Clearly anomaly 
cancellation condition in M-theory will amount to adding 24 M2-branes to the system [22]. 
To add 24 M2-branes to the existing set of r M2-M2-brane pairs, we will make the following 
ansatz for the metric: 



ds2 ^ ^-2/3 






dx 



+ '^ + u\dxl\+W^I^ 



Us 



m (^dsl + dxl^ + ^^ 



dxu + 



V-1 



V 



-dt 



(4.15) 



in addition to allowing for a three- form flux C originating from the sources of the M2-branes. 
In the language of the previous sub-section the M2-branes can be regarded as localized sources 
of G-fluxes in the internal space, much like (4.7). 

Note the key differences between (4.15) and (4.13). A new warp factor W is introduced 
that appears in the metric (4.15) exactly as in a M2-brane metric. The other warp factors 
([/, V) have been replaced by their new values (C/, V). They are determined from the backre- 
actions of the extra M2-branes and the world- volume fluxes added to the system (much like 
the analysis discussed around (3.17) earlier), and can be written as: 



U = U + 0{W), V = V + 0{W). 



(4.16) 



Let us now discuss the supersymmetry of the system. From type IIA perspective we have 
D2-branes with electric and magnetic fields Fiq and F21 respectively as well as free D2-branes. 
For the brane anti-brane system, the supersymmetry condition is the following (see also [82]): 



-^det g 



^Jdei{g + 2'Ka'F) 



(7012 + -F'loTiTii + -^2170711) e = ± e, 



(4.17) 



where we will take for simplicity g^^ = rj^i, and it in (4.13) refer to the brane and the anti- 
brane respectively. On the other hand a D2-brane without any electric or magnetic fields on 
its world-volume will satisfy: 



70126 = e. (4.18) 

In the limit when we take a critical electric field of the form |-Foi|^ = 1 on the D2 anti D2- 
branes, the supersymmetry equations (4.17) and (4.18) simplify to the following constraint 
equations: 



70126 



7016 



7iie, 



70711 e 



(4.19) 



scenario of (4.12) there would exist sources of the form 



C = — — dt A dx\ A dx2, 
where k is defined in (3.18). Clearly these sources vanish for fc — >■ 0. 
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which are the supersymmetry constraints for fundamental strings along x^, D2-branes along 
and DO-branes. This system is in general non-supersymmetric unless the Fl and the DO- 



,0.1,2 



branes are dissolved inside the D2-branes by switching on appropriate electric and magnetic 
fields. Of course this boils down to the statement that the 24 D2-branes (or M2-branes from 
M-theory perspective) should also come with appropriate electric and magnetic fields switched 



on 
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From type IIB point of view, the D3-D3-brane pairs come equipped with appropriate 
electric and magnetic fields. This in turn means that the supersymmetry condition is the 
same as the supersymmetry condition for a D-string and a fundamental string intersecting 
at the point, i.e as a string network of the kind studied in [56, 83]. Therefore adding extra 
D3-branes means that these branes come with string network dissolved in their world-volume. 
This is illustrated in figure 27. Supersymmetry is then naturally preserved. 




Figure 27. The string network that lies in the world-volume of the D3-branes parallel to the seven- 
branes. This picture is only at a special point in the F-tlieory u-plane. At a generic point in the 
Coulomb-branch the network may break into smaller subspace of networks that arc spread on the 
w-plane. 



4.3 A possible duality to M(atrix) theory on a four-fold 

There is yet another perspective for this scenario that may appear from the discussions about 
abelian instantons and fluxes that we had before. This has to do with the anomaly (or 
charge) cancellation condition for compact manifolds in either type IIB or M-theory. Instead 
of cancelling the three-form charges using 24 D3 or M2-branes in type IIB or M-theory 
respectively, we may want to cancel the charges by switching on appropriate fluxes. 

The 24 M2-branes that we switched on are sources of localized G-fluxes in M-theory. 
Similarly, the world- volume magnetic field becomes another source of G-flux just like (4.14). 
Finally, both the world-volume electric field and the spacetime dilaton get absorbed in the 



^^Note that in this case there would be net M2-brane charges, and there would be no anti-branes to cancel 
the 24 extra branes. This in turn would explain the choices of the warp factors in (4.15). The warp factor W 
justifies the existence of M2-brane charges, and the deformed warp factors {U , V) justifies the backreactions 
from the world-volume fluxes. 
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geometry. Therefore it makes sense to convert the locahzed C-field instantons to fluxes. Thus 
there are two possibihties: 

• The locahzed C-field instantons are converted to fiuxes by adding non-perturbative 
terms to the action. 

• The localized C-field instantons are replaced by fluxes, i.e as though we are going from 

(4.7) to (4.8). 

Note that the first case is highly non-trivial, and at this stage we don't know how to 
argue for this when the number of branes are small. For large number of branes, and for 
lower supersymmetry, there are some examples where this could happen. An example is [75]. 
We will discuss this briefly later. 

In the following therefore we will concentrate mostly on the second case where we don't 
have to justify the transitions between instantons and fluxes. The second case therefore deals 
with two seperate scenarios: one with instantons and the other with fluxes, with no apparent 
connection between them. Whatever connection there is or could be, will be speculated later. 

Once we go for the second case, we have essentially the familiar situation of M-theory on a 
four- fold with fluxes [21, 23, 84, 85], albeit the four- fold description is a little more non-trivial 
than K3 x K3 because of the underlying type IIA DO-branes. In the limit when the number 
of type IIA DO-branes is very large we will be in yet another familiar territory: M-theory on 
K3 X K3 in the infinite momentum frame and in the presence of fluxes. This is of course the 
M(atrix) description of M-theory [86]. However, the M(atrix) description is bit non-trivial 
because of the background G-fluxes. Once we replace one of the K3 by non-compact M^ the 
background G-fluxes vanish automatically, leaving us with M(atrix) theory on K3. This has 
been studied in [87-89]. 

M(atrix) theory on K3 (or ALE space) is described most efficiently in terms of M(atrix) 
string theory [90]. The theory has both a Higgs and a Coulomb branch. The Higgs branch 
is the usual motion of the matrix string on the ALE space oriented along j;6.7,8,9 fjij-gctions. 
The Coulomb branch is when the string is stuck at the orbifold singularity in the internal 
space, and moves along the spacetime directions [87]. 

Once we blow-up the ALE (orbifold) singularities by adding FI D-terms, the metric 
along the Higgs branch change in the correct way to account for the underlying K3 space 
[87]. The difficulty in analyzing the corresponding string theory lies precisely in the difficulty 
in constructing a compact metric on the K3 surface. Other than that, the physics remains 
identical to the ALE case. 

To see how the M(atrix) description works for D2-D2-branes on a K3 surface, we can use 
the analysis of [87, 91] where M(atrix) string theory for type IIB on ALE and K3 spaces have 
been studied and combine this with the study by [48] for D2-D2-branes on fiat spacetime. In 
the following we will sketch the idea, and more details will be presented in the sequel. 

M(atrix) theory on K3 manifold is expressed in terms Higgs and Coulomb branches. In 
the presence of D2-D2-branes with electric and magnetic fiuxes the Coulomb branch physics 
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can either be expressed in terms of D-particles or in terms of T-dual D-strings. In the infinite 
momentum frame this is either M(atrix) theory or M(atrix) string theory respectively. It 
turns out however that for the D2-D2-branes M(atrix) theory might be a better way to 
capture the physics here. Therefore in the language of type IIB probes, this would be the 
T-dual description. 

The Hamiltonian in the Coulomb branch is succinctly expressed in terms of three coor- 
dinates -^1,2,3) such that the Hamiltonian takes the simple BPS form [48]: 

n = Ui[{DoXi + ^[^3, Xi]f + {D0X2 + i[X3,X2]f + [DoXsf + [Xi, Xa]^ 

+ 2i[Xi,Xs{DoXi)] + 2i[X2,Xs{DoX2)]} (4.20) 

in the absence of any world- volume fluxes. It is clear that the Hamiltonian then is bigger 
than or at least equal to the trace of the second line in (4.20). 

In the presence of world volume fluxes there would be no three-form sources, but there 
would be fundamental string sources, D-particle sources and a dipole moment term given as 
(see for example [92]): 

(fa 

(4.21) 



3 i27rygsPsJ UV 

where e is the dipole length (i.e the separation between D2 and D2-branes) and the integral 
is over the world- volume of the two-branes. Note that in the Coulomb branch the D-particles 
can come together to enhance the gauge symmetry to SU{N) where N is number of D2-D2 
pairs. 

The Higgs branch, on the other hand, can be best understood using M(atrix) string 
theory [90], i.e from type IIB perspective where we have D3-D3 pairs. Let X^ denote all 
the coordinates that specify the spacetime directions x^'^''^'^ as well as the F-theory u-plane 
spanning, from the HA D-particle point of view, the Coulomb branch that we discussed above. 
The Higgs branch is parametrized by Y'^ with o = 6, 7, 8, 9 i.e the directions along the ALE 
space. The local Z2 projection is represented by a unitary operator U as: 

Uy^U"^ = -V. (4.22) 

The solution for the above equation is represented in terms of 2A^ x 2A^ matrices with two 
arbitrary set oi N x N matrices such that Y"" and 

Za ^ Y-( ° ^^""A (4.23) 

yi-NxN J 

are traceless. Under these conditions y" then enters the following world-sheet lagrangian: 

C = VijdX'dX^ + gabdY'^dY' + • • • , (4.24) 
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where gab is the metric of the ALE space and the dotted terms are the fermionic completions. 
The fact that the fuh A-D-E kind of singularities may appear in (4.24) has been discussed in 
some details in the literature. (See for example [91].) 

This story gets a little more involved when we add FI parameters to blow up the A-D-E 
singularities. Once compactified this leads to K3 manifold and therefore we will now have 
M(atrix) description on K3 x K3 manifold. Due to Gauss' law, K3 x K3 compactification 
is inconsistent unless fluxes are added to compensate for the free three-form charges. This 
means we have a more non-trivial M(atrix) description for the system. Our conjecture then 
is that the theory on the D3-D3 probes is captured, in the limit where the number of probe 
pairs go to infinite, by M(atrix) theory on K3 x K3 (with additional fluxes). 

4.4 J\f = 1,2 examples and geometric dualities 

In the previous subsection we briefly touched upon the issue of branes versus fluxes and how 
to go from one picture to another. Herein lies the heart of gauge/gravity duality: in one 
side of the duality we have D-branes and on the other side the branes have vanished and are 
replaced by fluxes. In the decoupling limit, the gauge theory on the branes is captured by 
geometry, i.e a gravitational background with fluxes. An example where branes are replaced 



Figure 28. Under non-pcrturbativc corrections the intersection region of two M5-branes may blow to 
form a diamond type configuration. In type IIB theory this means that the branes (LHS of the figure 
where they have shrunk to zero at the intersection) may be replaced by geometry with fiuxes (RHS 
where the diamond configuration exists) . 

by fluxes has appeared in [93] and is shown in figure 28. A configuration of large A^ wrapped 
D5-branes probing the resolved conifold geometry can be T-dualized to an intersecting NS5- 
brane configuration where the NS5-branes are orthogonal to each other but separated along 
a different direction compared to an equivalent configuration for the T-dual of a conifold 
geometry. The N wrapped D5-branes T-dualize to D4-branes stretched between the two 
separated NS5-branes such that they are suspended between them. This configuration is 
the far IR of the geometric transition set-up and is discussed in details in [93-95]. In the 
limit where the cycle size shrinks to zero, the M-theory lift of this is when the suspended 
M5-branes between the two orthogonal M5-branes shrink to zero size. But now the non- 
perturbative corrections^^ can change the picture by blowing up the intersecton region into a 



'For example switching on an Affleck-Dine-Seiberg [96, 97] type superpotential to the system. 
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diamond as shown in [93] and as depicted here in figure 28. In type IIB side, this blowup of 
the intersection region amounts to dissolving the wrapped D5-branes to geometry and fluxes! 
This is the essence of gauge/gravity duality here. 

A somewhat similar story also unfolds in the heterotic theory [75]. The NS5-branes in 
the heterotic theory are the small instantons and therefore in the limit where the number of 
small instantons become large the system should be describable in terms of pure geometry 
and fluxes, exactly in the way we explained above. The ADHM sigma model [98] of the theory 
should allow for a superpotential term of the Affieck-Dine-Seiberg [96, 97] form that would 
allow for instanton transitions by blowing them up from zero sizes to finite sizes. In this limit 
these instantons are no longer described by a world- volume theory of heterotic five-branes but 
by a background gravitational solution with torsion [75]. This torsional background turned 
out to be a specific deviation of the Maldacena-Nunez [99] geometry that allows for the three- 
form field strength to be non-closed (see footnote below). [75]. The rationale for this is that 
under small instanton transitions the initial gauge group of 

Sp{2N) X SO{32) (4.25) 

breaks completely^^ so that the physics is captured by a non-Kahler background with torsion 
[75]. Again, as we discussed above, this seems to be the generic essence of gauge/gravity 
duality here too. 

The above two examples were both for the minimally super symmetric M = 1 theories, 
so the question now is whether such transitions may be observed with abelian instantons for 
our J\f = 2 theories. The localized G-fiuxes in M-theory are the seven-brane gauge fields 
[23] and in the limit the instantons on the seven-branes are zero size, they become the type 
IIB D3-branes. We can move the D3-branes along the Coulomb branch so that the matter 
multiplets on them become heavy. Therefore, below a certain scale, these states could then 
be integrated out. 

For a compact internal four-fold and with small Euler number, this is hard to achieve. So 
the M(atrix) description may be the simplest and possibly the best dual description that we 
could provide under the given circumstances. For the non-compact case there is a well-known 
example of M-theory on a four-fold of the form: 

T^ K (ALE X R^) , (4.26) 

which can be described by a dual gravitational description when probed by a large number 
of M2-branes. On the other hand, if we blow-up the ALE space to 

zf + zl + zl = f,\ (4.27) 



^''Even before transition the 5'0(32) gauge group may be broken to smaller subgroups by Wilson lines. 
However once the gauge group (4.25) breaks completely the standard embedding is no longer possible, and 
so the three-form has to change from the Maldacena-Nunez [99] solution, which is a closed three-form, to a 
new one that is non-closed and cancels the heterotic anomalies. This non-closure of the three-form is therefore 
essential to resolve all the issues encountered in constructing a gauge/gravity duality in the heterotic theory. 
These details are explained in [75]. 
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where Zi are complex coordinates and /.t is a complex deformation, then we know of one case 
where there exists another gravitational dual for the probes. This is again the minimally 
supersymmetric case where the coordinate z\ parametrises M^ in (4.26). A curve of the form 

Z4 - i/i = (4.28) 

intersects the curve (4.27)^^. The four-fold resulting from this intersection, which is a torus 
fibration over a singular conifold, leads to the Klebanov-Witten model [100]. The conformal 
field theory on the probes is captured by an AdSs geometry. 

The Klebanov-Witten model however doesn't explain how this transition happens. The 
abelian instantons in M-theory have been replaced by delocalized G- fluxes. Once the base of 
the four-fold is further deformed as 

zl + zl + zl + zl = tzl (4.29) 

for any t, the delocalized G-fluxes lead to the NS and RR three-forms being switched on the 
type IIB side [101] instead of just the five-form as in the previous case. These lead to another 
set of dual descriptions that are suited for non- conformal theories! 

Clearly the picture is not yet complete as the main reason for transition has not yet been 
clarified. For higher supersymmetry like A/" = 2 the cascading dynamics that we studied in the 
previous section using ALE space may be the closest in realizing phenomena similar to A/" = 1, 
although the IR dynamics may not necessarily lead to a confining theory. For typical A/" = 1 
theories, it could be that similar arguments like switching on an Affleck-Dine-Seiberg type 
superpotential term is responsible in converting the abelian instantons to fluxes. A somewhat 
similar idea is hinted in [65] where an Affleck-Dine-Seiberg superpotential is responsible for 
blowing up the conifold singularity to a deformed conifold. 

The A/" = 1 story could be extended more, but we will not do it so here. Instead we 
will go to the next section where we will present our final set of configurations that realise a 
different class of AA = 1 theories. 



'This intersection not only reduces the supersymmetry but also removes the Coulomb branch of the theory. 
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5 Model 4: Multiple D3-branes probing intersecting seven-brane back- 
grounds 

In the above subsection 4.4 for Model 3 we briefly discussed the M = 1 case which comes 
from changing the underlying four-fold geometry from K3 x K3 to another four-fold whose 
construction can be alternatively motivated using the following simple algebraic geometric 
construction [101]. 

Consider F-theory on an elliptic fibered Calabi-Yau four-fold X M- B over a three-fold 
base B. Suppose that B contains a smooth curve E ~ P^ with normal bundle 0(— 1)0O(— 1). 
Then there is a simple way to construct our required four-fold that we briefly alluded to in the 
previous sections: make a conifold transition from B — )• B' obtained by contracting the P^ 
to a point and then smoothing. This gives another elliptically fibered Calabi-Yau four-fold: 

X' ^ B', (5.1) 

which is the required manifold that, in the presence of both RR and NS fluxes in type IIB 
would deform in the right way to give us a conformally Kahler manifold which is topologically 
the same as B' [74, 101]. This construction yields the same result as the one discussed above 
in (4.29)36. 

The above construction is interesting in the sense that it gives us a class of AA = 1 dual 
descriptions that come from deforming certain N = 1 conformal theories. These N = 1 
CFTs are defined in terms of RG flows that terminate on Ic-dimensional fixed surfaces. The 
exactly marginal coupling associated with the quartic superpotential W helps us to navigate 
the fixed point surface (for continuous choice of the coefficient in W) . 

The model that we are interested in also has a similar conformal surface: it is a Ic- 
dimensional curve in the space of three couplings. This model will be realized by multiple 
D3-branes probing intersecting seven-brane configurations and will fall in the class of models 
discussed in [102-104]. We will see how dualities in these models could be understood in 
terms of non-Kahler manifolds. 

5.1 The heterotic dual with fluxes and five-branes 

The model that we investigate here is generated by multiple D3-branes probing intersecting 
seven-branes or intersecting orientifold-planes backgrounds. The gauge theory on k D3-branes 
is Sp{2k) X Sp{2k) in the presence of one set of intersecting orientifold-plane background. If 
we allow for local charge cancellation, then there is an additional global symmetry given by 
C/(4) X ^^(4) where an intersecting set of four D7-branes are placed perpendicular to each 
other. The various multiplets are given by 3-3 as well as 3-7 strings as (^4, B) and (Q, q, Q, q) 
respectively. The representations of various fields in terms of both local and global groups 
are given in table 8. With this it is easy to construct the superpotential, which is given by: 

W = \{QAQ + qBq), (5.2) 



''^Although in more general cases the gravity duals tend to be non-geometric. This aspect has been elaborated 
in great details in [74, 75]. 
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so that the anomalous dimensions 7^. for the two gauge groups gi and the anomalous dimen- 
sion 7;^ for the superpotential coupling A lead to a two-dimensional surface of fixed points 
where all RG flows terminate^^. As before, continuous set of marginal couplings allow us to 
navigate on this surface. 



Fields 


Sp{2k) X Sp{2k) X U{4) X C/(4) 


Q 


(2fc, 1,4,1) 


Q 


(1,2A;,4,1) 


Q 


(2fc,l,l,4) 


Q 


(1,2A;,1,4) 


A,B 


{2k,2k,l,l) 



Table 8. The representations of various fields in our theory for both local Sp{2k) x Sp{2k) and global 
t/(4) X C/(4) symmetries. 

The C/(4) X C/(4) is relevant for the constant coupling scenario and is equivalent to the 
D4 singularity that we discussed for Model 1. We will discuss soon how the C/(4) singularity 
may come about here. Here there are more choices once we go away from the orientifold limit. 
The Weierstrass equation governing the F-theory axio-dilaton is given by: 

y2 = x^ + f{u,v)x + g{u,v), (5.3) 

where the coordinate u is the usual n-plane discussed earlier, v = x^ + ix^ is another two- 
dimensional complex plane, /(u, v) is a polynomial of degree (8, 8) and g{u, v) is a polynomial 
of degree (12, 12). To determine / and g let us define: 

8 4 2 

fk{u) = Y[Ak{u-aik) + JJ-Ba-(ii-6a-)^ + JJC'^fc(^i - QA;)^ + Dk{u-dkf', 



12 



i=l 
6 



i=l 



9k{u) = WMik{u - mik) + WNik{u-nikf + WSik{u - Sikf + WPik{u - Pikf 



4=1 



j=i 



i=l 



i=l 



+ \{Q^k{u-qikf + Rkiu-rkf^, 



(5.4) 



j=i 



where the coefficients are allowed to take values determined by the underlying dynamics of 
F-theory. The polynomials fk{u) and gk{u) are now used to determine f{u,v) and g{u,v) as: 



f{u,v) = h{u)f2{v), g{u,v) = gi{u)g2{v). 



(5.5) 



^'^This line passes through pi — > point. Note also that naively using the arguments of [102] would lead us 
to a iR-dimensional conformal surface. This would be a contradiction because the underlying supersymmetry 
requires an even dimensional conformal surface. The point then is to include the theta angles for the gauge 
groups, and the phase parts of the marginal superpotential couplings. This will essentially double-up the 
number of constraints (the equations are already doubled- up), so that the conformal surface becomes even 
dimensional. This has been explained recently in [103, 104]. We thank Yuji Tachikawa for clarifying the 
picture for us. 
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These polynomials give us the physics not only at the orientifold point, but also away from 
it. In fact at the orientifold point the description can be made a little simpler by choosing 
following set of polynomials in u and v. 

Zi = {u- Ui){v -Vi), 
Wi = {u- Ui){v -Vi), 
Ui = {u-Ui){v -Vi). (5.6) 

Using these variables we can define f{u, v) and g{u, v) now in the following way that captures 
the physics at the orientifold point: 

8 4 8 4 4 12 

f{u,v)=llA\W, + llAlZf, g{u,v) = l[llAi^W,Z, +l[AlZf + llAlU„ (5.7) 

j=l i=l i=lj=l i=l i=l 

with Al. being the coefficients that could be related to the coefficients in (5.4). The above 
choice of polynomials (5.7) is somewhat equivalent to the discussion in [67], to which one may 
look for more details^*. The discriminant locus then spans the following curve: 

ECnr>ll^t""~''KU! = 0, (5.8) 

n,p ij^k 

from which one can factorize a simpler hypersurface governed by the curve [67] 

C20-7" + CoiG = 0. (5.9) 

The polynomials J-',G are of order 16 in {u,v). Exactly under this condition the type IIB 
theory has a heterotic dual given by heterotic compactification on a K3 manifold. On the 
other hand the curve^^: 

Cio-^i + CiiJ-2 + C02-F3 + C00-F4 + C30-F5 = (5.10) 

with Ti being the required polynomial factorized from (5.8), should be interpreted as \p,q] 
seven-branes that form a non-dynamical orientifold plane. Since our concern is (5.9), we will 
ignore the physics behind the curve (5.10) for the time being. 

What happens when we allow k D3-branes to probe the orientifold point? The k D3- 
branes see an orthogonal geometry of intersecting seven-branes and planes wrapping orthog- 
onal 2-cycles of a K3 orientifold. The orientifold action is similar to the one discussed for 
Model 1, but now the space involutions are done via Nikulin involutions [105]. This scenario 
is different from Model 3 because in Model 3 the D3-brane probes were at a point in K3 x P^ 
manifold and so Gauss' law was a constraint there. But now there are no such constraints. 

The D3-branes at the intersecting orientifold point now dualize to small instantons wrap- 
ping 2-cycles of the K3 manifold in the heterotic side. Our first conjecture is that this brings 



''^We correct a typo in [67]. 

■^^Note that Cmn 7^ Cnm- This can be justified easily from our polynomial expansion (5.8). 
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us precisely to the intrinsic torsion and G-structures of [76] . Recall that for the manifold with 
an SU{2) structure we have the two usual conditions: 



= d(e^2<^0) = d(e-2'^*J), 



(5.11) 



whose solutions tell us how the torsion classes W, are represented for this case with J being 
the fundamental form, Jl is the (3, 0) holomorphic form and (p is the dilaton. Explicitly the 
solutions are as given earlier in (4.10), with the torsion T lying in: 



r G W4 e W5. 



(5.12) 



The situation at hand however is more involved now. In the absence of the probe D3-branes, 
the heterotic dual is indeed given by a conformal K3 manifold as was discussed in [67]. 
However in the presence of the D3-probes, the situation is different. In the following we will 
argue that the heterotic dual is given by a non-Kahler K3 manifold that is not a conformally 
Calabi-Yau manifold. However even before we go about elucidating this, we should ask how 
to see the Sp{2k) x Sp{2k) gauge symmetry directly from the heterotic side. 

To answer both the questions we will have to study the orientations of various branes in 
the type IIB side. The two Z2 transformations that we are interested in are generated by 
[106, 107]: 



-1)-^^ -fi-Z 



45, 



h 



-l)^^-0-X8 



(5.13) 



where, as before, lab denote orbifold action along (x",x ). In a more general setting with a 
slightly different Z2 actions [108-110], the type IIB manifold is an orientifold of a K3 manifold 
(see above). The various orientations are given in table 9. 



Directions 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D7 


- 


- 


- 


- 


* 


* 


- 


- 


- 


- 


D7' 


- 


- 


- 


- 


- 


- 


- 


- 


* 


* 


D3 


- 


- 


- 


- 


* 


* 


* 


* 


* 


* 


K3 


* 


* 


* 


* 


- 


- 


* 


* 


- 


- 



Table 9. The orientations of various branes in the intersecting seven-branes set-up. The dashes are 
the directions along which we have either the branes or the manifold. 

To go to heterotic theory, one way would be to T-dualize twice along the x^'^ directions 
and then S-dualize. The T-duality transformations will convert (5.13) into the following 
generators: 

(-l)^^-0-X45 ^ ^, (-1)^^ 



n-ii 



89 



n-z 



4589, 



(5.14) 



which means the orthogonal set of seven-branes and orientifold seven-planes will be converted 
into a system of five-branes and 05-planes parallel to nine-branes and 09-planes. This is the 
well-known Gimon-Polchinski system [24]. The probe D3-branes will then become D5-branes. 
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The above type IIB system can now be S-dualized so as to be in the same moduli space as 
an equivalent heterotic theory ^^. An S-duality transformation will convert the D9/09 system 
into equivalent vector bundles, and the other pair into five-branes stuck along some orbifold 
plane. An equivalent type I configuration with the branes arranged as above would then 
S-dualize to heterotic theory"^^. On the other hand the k probe D3-branes, which became k 
D5-branes in type I theory, will also become heterotic five-branes whom we will refer to as k 
small- instantons. These small instantons attain a gauge symmetry of Sp{2k) x Sp{2k) because 
of the 05-plane action in the S-dual type I theory, or because of the five-brane bisections in 
the heterotic theory. As the small instantons cannot be broken and moved along the x^'^ 
directions, the theory will not have any Coulomb branch as one might have expected from 
the underlying A/" = 1 supersymmetry^^. This is illustrated in figure 29. 

To analyze further we will then assume that we have k small instantons (or k heterotic 
five-branes) oriented along x^'^''^'^'^'^ directions and another (small) set of five-branes oriented 
along x*^'^'^'^'^'^ directions. The k small instantons wrap 2-cycles of a K3 manifold which, in 
turn, is oriented along x^'^'^'^. It is easy to see that in the absence of the k small instantons, 
the other set of heterotic five-branes are all located at a point on the K3 manifold. This is 
the scenario studied in [67], and the metric ansatz for this case is the conformal K3 ansatz, 
namely: 

ds^ = dsl^^mi + A'^d^g, e<^ = A (5.15) 



''"The following analysis is a rather toy example of a more elaborate duality that conies from studying the 
Gimon-Polchinski model [24]. For example it is known that the GP model is dual to F-theory on a CY3 with 
Hodge numbers (3, 243) that admits an elliptic fibration over P^ x P^ [111, 112]. This in turn is further dual 
to Es X Eg, heterotic theory on a K3 manifold with the total number of 24 instantons divided equally into 
the two -Eg's. Since our analysis will only touch the supergravity aspect of this duality i.e the closed string 
sector of the theory, we will not analyse the gauge symmetry (which is of course the global symmetry for the 
world- volume theory on the probes) and the twisted sector states carefully in this paper. In particular we will 
not study the connections between the 5*0(32) and the Eg, x Es heterotic theories, in the presence of probes, as 
well as the intriguing connections to the CY3 with Hodge numbers (51, 3) and (3, 51) here. For more details 
on this in the absence of any probe branes, one may refer to [108-113]. 

*^We believe the following procedure might explain the duality: the type I 05/D5 system S-dualizes into an 
orbifold five- plane in the heterotic theory [114]. Then the remaining five-branes become heterotic five-branes. 
So finally one may get heterotic five-branes stuck to the orbifold plane. 

*^The J\f — 1 theory on the probes in this case is rather non-trivial. At a generic point in the moduli space 
the gauge group may be broken into decoupled set of k !7(l)'s. For example if we take a single probe D3-brane 
in this background, the generic gauge group is U(l) and not U{1) x C/(l). At the orientifold intersection 
point the gauge symmetry enhances to Sp(2) x Sp{2) that share the same t/(l). In the presence of quantum 
corrections, as one might have expected, the Sp{2) x Sp{2) gauge symmetry is no longer restored near the 
region of intersection of the two orientifold planes. The full theory is then given by an A/" = 2 SOFT with (7(1) 
vector multiplet and a massless charged hypermultiplet [106, 107]. Moving a D3-brane along u, the massless 
charged hypermultiplet can be interpreted as the monopole/dyon point for one of the Sp{2) group. Similarly 
moving the D3-brane now along v, the same massless charged hypermultiplet may now be interpreted as the 
monopole/dyon point of other Sp{2) gauge group. Thus the non-perturbative effects in this model convert the 
monopole/dyon point of one Sp{2) gauge group to the monopole/dyon point of the other Sp{2) gauge group. 
For more details on this phenomena the readers may refer to [24, 106, 107]. 
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,67 



Heterotic five-branes 
at a fixed orbifold-plane 




k small instantons 



,45 



,0123 



Figure 29. A brane construction to see liow in the heterotic theory we recover the Sp{2k) x Sp{2k) 
gauge symmetry. The k D3-branes become Ireterotic five-branes which we refer them as k small 
instantons here. The other type IIB D7-brane becomes another set of five-branes possibly at a fixed 
orbifold plane generating the two Sp{2k) gauge symmetries via bisection. 

where A is the warp factor and m is an integer. For our case m = 2 which appears from the 
consistency conditions given in [76]. 

In the presence of k small instantons the situation at hand is no longer that straightfor- 
ward. The wrapping of the small instantons on 2-cycles of K3 changes much of the result. 
However the result can be argued using the metric for intersecting branes. To use this, let us 
assume that the two set of five-branes come with warp factors hi = hi{x^,x^) with i = 1,2 
such that hi denotes the warp factor for k small instantons and /i2 denotes the warp factor 
for the other set of five-branes. As usual we consider the delocalized limit (as this is the 
only limit under which we can study the backreactions in a controlled setting). The above 
considerations then immediately reproduces the background for us: 



00 /O 0\ o.^ 

ds = dsQi23 + h2[ds^^ + hidsgg) + hidsgj, e^ 



Vhih2, T^u = cieabikdkhu (5.16) 



with q being a constant, 7^J being the torsion polynomials, and (o, b) being either (4, 5) or 
(8,9). Note that we have written the metric in a slightly suggestive way by combining the 
x^'^ and x^'^ directions, along which we will be placing our K3 manifold. Note also that if we 
make hi = 1 i.e remove all the small instantons and assume that 



(iS45 -I- dSgg 



dsn 



ds'^ 



KZi 



(5.17) 



then we reproduce (5.15) provided A = \//i2- However, for generic choice of hi, the metric in 
(5.16) tells us that the K3 is deformed to a non-Kahler manifold K3: 



ds\r^ + hidsl 



dspi -I- hidsl,! 



ds 



K3' 



(5.18) 



and so the heterotic solution is no longer a conformally Calabi-Yau two-fold. The fluxes 
and the dilaton (5.16) are supported on this non-Kahler space. As far as we could see, this 
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non-Kahler deformation of the K3 manifold has not been studied before, so should be new. 
A simple way to analyze this manifold would be to go to the orbifold limit of K3 where we 
can write the metric in terms of some blown-up 2-cycles and then rescale the 2-cycles using 
hi in an unequal way as in (5.18). This procedure of course doesn't capture the full picture, 
but is nevertheless a good starting point. In the following subsection we will elaborate more 
on this. 

5.2 Type IIB analysis at the orientifold point 

Let us now see how this works for the explicit case of (5.16) assuming (5.18). Making an 
S-duality of the background given in (5.18) will give us the corresponding type I background. 
The torsion three-form will be replaced by the RR three-form of the type I theory. We will 
also assume that the two warp factors are now given by^^: 

hi = (l + x)'=, /i2 = (1 + x)'' = hf/^\ k>0 (5.19) 



where x is some inverse powers of \/{x^)'^ + (2^^)^) and /3 is the number of five-branes stuck to 
the orbifold plane and orthogonal to the k small instantons. Using these definitions, one can 
easily show that the corresponding type I background follows from the following background 
in type IIB theory: 

k + fj P-k + k k-P 

ds^ = h^ ''" dsli22, + /ii'" ds|i + h^'" dsli + h^^" dsl^, (5.20) 

where we have explicitly shown the metric of the two non-compact P^ = ^. Observe that 
the type IIB manifold has retained its basic form but the two P^'s are now scaled differently. 
The type IIB coupling constant, qb, is no longer a constant number as in [23, 36, 71], rather 
now it has dependence on the warp factor. The dependence is easy to infer, and is given by 

fc+3/3 

9B = h, ^' , (5.21) 

where we are ignoring constant factors. This therefore implies that the Gimon-Polchinski 
model is at an orientifold limit with coupling constant r given by 

fc+3j3 

r = Co + i /ii "*= (5.22) 

where Cq is the RR scalar (axion) . Notice that Im r > and therefore this presumably incor- 
porates possible non-perturbative corrections to the D7-branes and 07-planes background. 
This is because near an 07-plane the behaviour of r naively would be 

T = -—ln{u-Ui), (5.23) 

^7^ 



Clearly these warp factors are "" Innnor- har-imnr^^r- finnnf;^r,Q QQ i \ i 

non-trivial choice of the exponents. 



Clearly these warp factors are no longer harmonic functions as ,„ t^U + ,„ y.'ij do not vanish for any 
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where Ui is the position of one of the 07-plane on the P-*" with coordinates u (similar behaviour 
is expected for the other P"*"). But this background of axio-dilaton should receive correction 
because r — ?• —ioo as we approach the orientifold plane. The correct behaviour therefore 
should be (5.22). Switching on blow-up models at the orientifold singularities fuses two 
intersecting orientifold planes to a complex hyperbola [106, 107]. In figure 30 we have 
represented a pair of 07-planes that become fused together. 



-95> 




Figure 30. The splitting of the 07-planes in the Gimon-Polchinski model to form a hyperboloid like 
structure. 

Note that in the limit fc — )• the above background should simplify. But the way we have 
expressed hi and /12 in (5.19) this limit is not easy to see. However one may easily convince 
oneself that when A; — )■ 0, the backgrounds (5.20) and (5.21) change to the following simpler 
form [67]: 

ds'^ = A-^dsl^2367 + ^dsl,^+A-^dsli, QB = ^. (5.24) 

Returning back to (5.20), the above background in type IIB theory can be easily lifted to 
F-theory. In the absence of fluxes we know that the F-theory background is a torus fibration 
over a P^ X P^ base. What happens now? To answer this, note that since both F-theory 
and M-theory span the same moduli space"^^, this metric will also correspond to the metric 
in M-theory. The gauge fluxes will correspond to localized G-fluxes in M-theory. This then 
tells us that the metric in F/M-theory will be: 



ds^ 



K 



3k 



2i3-k 



1 / fc+,s 



"*spacctimc ^ "l "''45 ^ "l "*67 ^ 'h 

3fc+2/3 



2k+2l3 



3k 



dSg 



^ n 1 / -!i±& 2fc+2;3 

h^ ^'^ ) {dz^ + dz^) + -ih^ 3fc + /j^ 3k 



\dz\ 



(5.25) 



where {z, z) are the coordinates of the fiber. In the absence of the small instantons, the 
F-theory background is simpler: 



ds' 



A"idSsj + Ai(is|-3 + A~^dslj + - ('A"! - aI^ (dz^ + dz^) + - ('a^I + aI") \dzf , 

(5.26) 



'i.e F-theory on X x S^ is on the same moduh space as M-theory on 
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where ds'^^ denotes the metric of the spacetinie, as in (5.25). The torsions in the heterotic 
theory wih become non-locahzed G-fluxes in F-theory, and the locahzed G-fluxes will become 
vector bundles as we discussed above. 

The issue of the vector bundle is now important. From the F-theory side there are many 
enhanced global symmetry points. The one that we were considering so far was f/(4)^ x C/(4)^ 
which appeared from colliding D^ singularities in the Tate's algorithm [54] appropriately 
modified due to the two orientifold actions^^. To see how an C/(4) singularity may arise from 
the 50(8) singularity, consider the diagram: 

( M \ 
D, ^ ° "-^^ ^3, (5.27) 

where the matrix represents gauge transformation on the gauge group 50(8) due to one of 
the orientifold projection (say h) in (5.13). Such an action will break the 50(8) gauge group 
to the one that commutes with the given matrix which, in turn, is constructed out of a smaller 
4x4 matrix M given by: 



M = 



( ° 





1 


o\ 











1 


-1 











V 


-1 





0/ 



(5.28) 



However, the C/(4)^ x f7(4)^ is not the simplest global symmetry. There exists a simpler one 
given by the 5f7(2)^ x SU{2)^ point because one may think that at no point in the moduli 
space of the theory a single brane can move freely. In order to move in this theory, branes 
need to be in a group of at least two, giving us the above mentioned global symmetry group. 
The story is however not completely correct as the gauge group can be broken further. For 
example there is a possibility that we can change the Weierstrass equation (5.3) to: 

y2 = x^ + [f{u,v) + 6f{u,v)]x + g{u,v) + 6g{u,v) (5.29) 

with an appropriate choices for {5f, 6g) so as to break the global symmetry group completely. 
The discriminant locus will change accordingly to reflect this. Such a deformation is reminis- 
cent of the recent work on AA = 1 theory from M = 2 theory in [115]. We will discuss more 
on this below as well as in the discussion section. Of course in the absence of (5/, 5g) the 
global symmetry will remain SU{2)^ x SU{2)^ with pairs of seven-branes moving together. 

All the above pictures should also be visible in the heterotic side. This becomes slighly 
involved because the background torsion converts the usual Donaldson-Uhlenbeck-Yau equa- 
tions to the following torsional equivalents: 

- 1 2 
Fah = F-^l = 9"^ Pal = 0> ^tr F /\F = tr RAR -d*d(j). (5.30) 



^^One might get worried by the fact that in F-theory colhding D4 singularities may lead to tensionless 
strings as shown in [55]. For our case this doesn't happen because the orbifold singularity associated with the 
generator gh in (5.13) hides half a unit a Bns flux [39] coming from the collapsed two-cycle. This makes the 
tension of the string non-zero at the orbifold singularity. 
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In the limit where the axio-dilaton doesn't vanish globally, which could happen generically 
for non-constant global and local G-fluxes, we will no longer be in the constant coupling point 
of the Gimon-Polchinski model^^. The background flux actually demands the r to take an 
expression given in (5.22). This would determine the resulting positions of the branes and 
planes in this scenario, and therefore the gauge bundle. 

In the limit where we are in the constant coupling scenario with four seven-branes (plus 
their images) on top of 07-plane and parallel to the u-plane with similar configurations along 
the f-plane the gauge group is what we studied before. In the heterotic side Wilson loops 
(associated with the distances between the four D7/07 system in the u- as well as the v- 
planes) break the heterotic gauge group to the required type IIB one. If we demand the 
discriminant locus to take the form: 



A 



{u — ui) A{u,v), 



(5.32) 



then we have only a pair of seven-branes together, resulting in a classical U{2) global symmetry 
[24]. In the heterotic side U{2) gauge symmetry implies 



tr FAF 



Svr^ 



C2{V)--cliV) 



(5.33) 



where Cj(V) are the Chern classes of the vector bundles V. One can now use the first equation 
in (5.30) to determine the primitive i.e (1, 1) part of the bundle using the inverse of the metric 
in (5.16). Once this is done, the torsion T in (5.16) may be used in (5.30) to determine the 
local U{2) gauge symmetry in the heterotic side. 

An interesting exercise is to get the U{1) theory from the U{2) theory. In the type 
IIB side we can allow the full Weierstrass equation (5.29) so that all the seven-branes move 
individually. A particular choice for {6f, 6g) in (5.29) that can do this is the following (see 
also [106]): 



x^ + 



f{u,v)+ J2 O" 



,u"^" 



x + g{u,v)+ Y^ bmnU'^V^ (5.34) 

m,n=0 



^^ Assuming dT = 0, then in the absence of the smaU instantons, the warp factor wiU satisfy DA^ — 0. Since 
we also require the warp factor to be small everywhere, we can take it to be a linear function of the coordinates 
2*, where 2' are defined on patches along aj^'^^s.g jii-ections. This would imply that the torsion T will be a 
constant form globally. The background therefore is given by: 



A^ = Co + A z^ +B 2^ + c.c, e"^ = A, 

T = A dz'^ A dz^ Adz"^ + B dz'^ A dz^ A dz^ + c.c, 



(5.31) 



where Co is a constant that would determine the size of the conformal K3 space. Putting ^ = will reproduce 
the model with non-trivial t. Now since D is measured with respect to the unwarped metric, A'^ will satisfy the 
warp factor equation. Therefore the constant three-form would follow from there. We also have to make sure 
that A'^ is small everywhere. This is possible because our space is compact and therefore z^,z'^ are measured 



only in a small patch. Assuming 



+ \z^ 



< e, we can have A small everywhere. The equation (5.31) will 



therefore be the torsional background for the conformal K3 in the heterotic theory. 
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with an appropriate choices for {ammbmn) so as to break the global symmetry group com- 
pletely. The discriminant locus will change accordingly to reflect this. 

In the following we will consider only the SU{2) sector, or more appropriately the U{2) 
sector, of the global symmetry group broken to U{1) in the heterotic side. To analyse this, 
one may take the F of U{2) theory and write it as: 

(5.35) 

where / is the complex conjugate of /: this way F is real. Next step is to demand primitivity 
and then determine Re / from the torsional equation (5.30) as: 




Re / A Re / = ^ 

J •'4 



2d*, 
ii RhR 



(5.36) 



In an alternative scenario, the F-theory compactification on a base P^ x P^ is also connected 
to another Calabi-Yau with Hodge numbers (51,3) (and probably also to (3, 51)). This 
connection was pointed out by [108-110]. The difference between the two compactifications: 
one with Hodge numbers (3, 243) and the other with Hodge numbers (51, 3), is related to the 
number of tensor multiplets and charged hypermultiplets. For the case studied, we saw that 
the heterotic dual has only one tensor multiplet. To get more tensors in six dimensions, we 
have to redefine the orientifold operation in the dual type I side. A way to achieve this was 
shown in [109]. We can define the orientifold operation in such a way that not only it reverses 
the world sheet coordinate cr to vr — o", but also flips the sign of twist fields at all fixed points. 
In fact in the closed string sector the two theories tally, but in the twisted sector, we get 17 
tensor multiplets instead of hypermultiplets. Therefore even though the orientifolding action 
look similar in both cases, the massless multiplets are quite different. 

All these analysis were done without any probe D3-branes in type IIB theory. We may 
now want to study D3-branes probing type IIB on T'^/ (Z2 x Z2) with the Z2 actions de- 
fined non-trivially on T^. The F-theory lift of these would be T^ fibrations over these 
four-dimensional bases probed by multiple D3-branes. All these examples are members of 
the Voisin-Borcea family of Calabi-Yau three-folds [116, 117] as illustrated in figure 31. 
The simplest example that we studied here may now be generated by choosing the following 
Nikulin involution [105] 

{r,a,5) = (18,4,0), (5.37) 

where {r^a^5) are defined in [105, 112, 116, 117], of the Voisin-Borcea three-fold and then 
exchanging the vector and the neutral hypermultiplets of the model. Finally rearranging the 
seven- branes will give us the other gauge groups on the heterotic side^^. Probing other Nikulin 
involuted K3 manifolds by multiple D3-branes will then give us other non-Kahler deformations 
of the K3 manifolds in the heterotic side. More details on the various alternations of these 
models will be discussed in the sequel. 



''Of course this is also the same play-ground where heterotic/heterotic duality of [118] was presented. 
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6 Discussion and conclusions 

In this paper, we studied an exhaustive hst of theories stemming from D3-branes probing 
various orientifold (and also away from the orientifold) hmits of F-theory. The simplest case, 
which we called as Model 1, already gave us interesting physics related to r + 1 points in 
moduli space where we have maximal Argyres-Douglas points in the Coulomb branches of 
the theories governed by gauge groups Sp{2r) where r could be any integer. We also argued 
the foremost question that would naturally appear when we study Sp{2r) gauge theories, 
namely, how many [p, q] seven-branes do the classical orientifold plane split into. Recall 
that for the Sp{2) case the monopole/dyon points in the Coulomb branch tell us that in the 
orientifold limit the quantum corrections will split the orientifold into two non-local seven- 
branes. For the Sp{2r) case there are numerous such points and additionally, the Coulomb 
branch is multi-dimensional. So the natural question is how do, in F-theory, where we see only 
a one complex dimensional Coulomb branch per probe D3-brane, the full class of solitonic 
states appear in this reduced moduli space? However from a slightly different perspective, 
that we elucidated in the paper, there seems to be no apparent reason why the r D3-brane 
probes should alter the physics of the splitting. Therefore we should, from this perspective 
only, conclude that the number of splittings should be two irrespective of the number of 
probe D3-branes. Clearly a direct proof of this statement is still lacking from the gauge 
theory side. Instead we started with the reasonable conjecture that the classical 07-plane 
will split into two points on the u-plane regardless of number of probe D3-branes, then we 
found various properties for (potentially 1-1) mapping between moduli space of the curve and 
that of brane dynamics. However, brane dynamics do not seem to cooperate very well with 
the combinatorics, and we have several puzzles which calls for further work. For example, 
it will be interesting to study more carefully the SW curve for Sp{2r) with antisymmetric 
matter given in [26], and also compare their IIA-M theory picture with our F-theory picture. 

Model 2 is related to the Gaiotto's model [16] where we have multiple D3-branes probing 
parallel seven-branes and orientifold seven-planes wrapped on multi Taub-NUT spaces. We 
discussed various things in this model including connections to a class of Gaiotto's model as 
well as T-dual maps to various brane networks of [20]. However many things still remain. For 
example all the conformal examples that we provided here are constructed out of seven-branes 
wrapped on multi Taub-NUT spaces. These seven-branes are arranged in such a way that 
we can have F-theory at constant coupling. The constant axio-dilaton that we studied here 
was calculated without taking the effects of the Taub-NUT geometries. This is not a priori a 
problem as the seven-brane monodromies will not be affected by wrapping the seven-branes 
on the Taub-NUT spaces. This should also be obvious from the dual brane network model 
where the seven-brane monodromies are not affected by the presence of the [p, q\ five-branes. 
On the other hand if there there are background fluxes then the calculations need to be 
changed to incorporate various backreactions and anomaly effects. 

One of the major outcomes of [16] is the so-called T/v model with only global symmetries 
of SU{N)'^ and no gauge symmetries. For small A^ we have studied a few examples in this 
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paper. However the puzzle is to deal with larger N. For models with N > 8, the number 
of seven-branes could become larger than 24, which is an upper bound on the number of 
seven- branes in the F-theory set-up compactified on S'^. 

A way out of this is to allow for UV completions via a non-supersymmetric theory. For 
example one may allow 24 + A; seven-branes with A; >> 1 and keep k anti seven-branes at 
large u in the u-plane. Since large u implies UV physics, we are breaking the supersymmetry 
at high energy, but restoring the IR A/" = 2 supersymmetry. The system would be stable, 
as all the tachyons are very massive here, and so integrating out these massive modes we 
would have a well defined effective action at the IR. With additional seven-branes at hand, 
one might be able to construct other T/v models studied in [16]. It would be interesting to 
see how arbitrary global symmetries can now be accommodated from F-theory (see also [52] 
for some recent discussions on F-theory with more than 24 seven-branes). 

In the presence of m fractional D3-brane probes in the set-up that we used here, the 
situation is more interesting. Now we can try to realize the other models of Gaiotto with 
three full punctures and m + 1 simple punctures. It will be interesting to see how the N = 2 
dualities manifest here. Note that for this case there is no simple T-dual map to any brane 
network models as the fractional branes are realized by D5-D5 pairs. 

The supergravity solutions that we studied here need bit more elaborations. Our way of 
approaching the sugra background is very different from what was attempted before in Grana- 
Polchinski [40] and more recently in Gaiotto-Maldacena [45]. We took the backreactions of 
large number of D5-D5 branes in the presence of 

• World-volume electric and magnetic fluxes 

• Multi Taub-NUT spaces, and 

• Local and non-local seven-branes 

to give us both the UV and the IR limits of the corresponding gauge theories. We find that 
the UV physics is captured by a six-dimensional theory and the IR physics is captured by a 
four-dimensional theory. The precise UV metric is given by (3.26), which we copy below as: 



ds^ 



1 



UV 



'V2 
+ JV2 



hV^^dxl + f-idxl + f2dxl + Udxl + hV2dx'j + hV2V^^ [dx^' + Y, ^idx' 



fsidxj + dxl) + feT2{u] 



V'{r{u))l[ 



du 



\iu-u,yn^ 



(6.1) 



where the various coefficients are described in subsection 3.3.2. Note that we have not been 
able to determine the coefficients precisely there. These coeffcients are not difficult to deter- 
mine, as there are only finite number of sugra equations. However even in the absence of the 
precise warp factors the physics should be clear. The backreactions of the seven-branes ap- 
pear explicitly in the metric and contains all the informations that we expect from F-theoretic 
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embeddings, namely, the bound on the seven-branes and the associated singularity structures. 
It will be interesting to compare the UV metric with the one in [45]. 

On the other hand the physics probed by larger wavelengths i.e the IR physics is relatively 
simpler than (6.1). This is given in (3.25), which we copy below for the benefit of the readers: 



dsm = J^i dsQi23 + -^1 dsj_ = T^ '^'^{—dxQ + dxf + dx2 + dx^) + J^2\dw\^ 

du 




+J3 [dx^ + Yl ^^'^^' + -^4T2(n) ri^{T{u)) II 



l\ {U - n.)l/12 



(6.2) 



As we clarified in the subsection 3.3.2, the IR physics is captured by a four-dimensional theory, 
as all the subtleties of the multi Taub-NUT space will be invisible at low energies. Again the 
warp factors still remain to be determined, and it would be interesting to compare this to 
the analysis of [45]. We expect, among other things, to complete these computations in the 
sequel. 

Another thing that came out of our analysis with fractional D3-branes probing seven- 
branes wrapped on multi Taub-NUT spaces is the M = 2 cascade. In subsection 3.3.4 we 
clarified how the M = 2 cascade may be related to the M = 1 cascade. The idea is simple 
and follows a two-step procedure to go from one cascade to another. 

• Allow for a non-trivial fibration of the simplest Taub-NUT space over the compactified 
n-plane as in (3.45). 

• Blow-up the vanishing two-cycle in the resulting geometry or switch on a 6 = Sns held 
on the vanishing two-cycle. 

The second point is obviously the result of allowing a complexified Kahler parameter /C = 
a; + i6 in the geometry. As is well known, for 6 = we have Vafa's geometric transition [119] 
with A/" = 1 cascade realised as an infinite sequence of flop transitions ending with a conifold 
transition [120], at least in the absence of the seven-branes. Similarly for w = i.e with a 
blown-down P^, we get the cascading dynamics of Klebanov-Strassler [65]. In the presence of 
seven-branes the picture is a little different. It is given by the Ouyang modification [63, 64] 
where the final IR stage may even be conformal if one chooses the bi-fundamental matters 
more carefully. In any case, the presence of the seven-branes typically tends to slow down the 
cascade. This can also be explained by the brane construction of [93-95]. The supergravity 
solution in the far IR (where we expect a four-dimensional physics too) has been studied 
in great details in [74, 101, 121, 122]. The UV physics for the M = 1 case will again be 
captured by a six-dimensional theory for the model of Vafa [119], whereas it'll continue to 
remain four-dimensional for the Klebanov-Strassler model [65]. 

There is one more subtlety in the UV that we have been ignoring so far. In the presence of 
the seven-branes there is a possibility that the UV physics may have Landau poles including 
UV divergences of the Wilson loops [123]. This is a major problem for the M = 1 cascading 
theories, and has recently been resolved by UV-completing these theories by asymptotically 
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conforinal theories [124] at least for the Klebanov-Strassler case. For the N = 2 case we 
might expect a somewhat similar situation. A way out of this would be to follow the same 
procedure as outlined in [124], namely, take the far UV to be given by an asymptotically 
conformal theory with gauge group 

SU{k + M) X SU{k + M) (6.3) 

and then at a certain scale A = Aq, high enough to be covering the regime given by the 
metric (6.1), one of the gauge group in (6.3) is Higgsed so that we can have the gauge group 
(3.44). Exactly at this scale, cascading dynamics can start leading finally to confinement at 
far IR. Before Higgsing, both have the same Yang- Mills coupling, given by (Jym- The UV 
beta function then will be 

/5(^m) = I^E^^' A>Ao (6.4) 

n=l 

with P„'s being constants. Thus at A — )• oo we expect an exactly conformal theory. Below 
Aq the two gauge couplings wouldn't be equal and they will flow differently leading to our 
required cascades. 

Clearly a concrete construction of an UV complete picture is required at this stage. 
Another advantage of such a completion is to get the equivalent story for N = 1 case. So far 
all sugra solutions were restricted to far IR only, therefore getting an UV complete background 
for models with geometric transitions [119] would be a welcome bonus. 

Model 3 is an interesting extension to Model 2. If we compactify the Taub-NUT space 
to form a K3 manifold, the resulting physics probed by D3-branes becomes very different. 
Firstly, due to tadpole cancellations, we will not be able to put more than 24 D3-branes [23]. 
One way to increase the number of D3-branes, without breaking all the supersymmetries, 
is to switch on D3 branes with world-volume electric and magnetic fluxes (on both kinds of 
branes) to kill the tachyons. Again the UV and IR physics will be different, and the full 
four-dimensional physics can be recovered at high energies only. 

Once we lift the picture to M-theory then, in the limit where the number of D3-D3 in type 
IIB becomes very large, the resultant IR physics is captured by M(atrix) theory on K3 x K3. 
M(atrix) theory on K3 has been studied before, but now due to tadpole cancellations we have 
to switch on G-fluxes. Thus the physics will be captured by M(atrix) theory with background 
G-fluxes. In subsection 4.3 we have merely scratched the surface of the problem, as more 
detailed study is required to elucidate the physics there. 

Another interesting speculation is the following. Imagine we replace the G-fluxes by 
M2-branes (satisfying the tadpole cancellation). In type IIA we have a configuration of large 
number of DO-branes and 24 D2-branes. Imagine we switch on Sns fluxes on the D2-branes 
such that the world-volume theory becomes non-commutative and can be represented by DO- 
branes [125]. Then the whole system could be expressed by M(atrix) theory on K3 x K3 
without any G-fluxes. It would be interesting to study this and compare with the one with 
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Figure 31. The Voisin-Borcea examples. This figure is taken from [112] where the readers may find 
more details about the topological invariants of these manifolds. See also [116, 117]. 

G-fluxes. This may shed some light into the issue of abelian instantons and fluxes that we 
discussed there. 

Finally, Model 4 is a generalization of Model 1 with additional orthogonal set of 07-plane 
and D7-branes (classically). One of the effects of these additional branes and planes is that 
the supersymmetry is reduced to J\f = 1, at least near the junction of the 07-planes. This 
means that the k probe D3-branes will see a AA = 1 Sp{2k) x Sp{2k) gauge theory near the 
junction. 

For this model we studied many things in the paper. We analyzed the heterotic dual 
and argued how we get a non-Kahler K3 manifold from the wrapped small instantons in the 
heterotic side. Of course, as we mentioned in the main text, we only studied the closed string 
sector of the model. Both the open string sector as well as the twisted sector states are not 
addressed in much detail here. For example, we do not address at all the connection among 
various models with Hodge numbers (3, 243), (3, 51) and (51, 3), that may be distinguished 
from their twisted sector and open string states. All these examples fall in the class of 
Voisin-Borcea three-folds [111, 112, 116, 117], and it would be interesting to study them in 
detail. 

Recently a way to study M = 1 theory in F-theory was done in [115] based on an earlier 
work of [126]. In the models of [115, 126], A^ = 1 was generated by tilting the F-theory 
seven-branes slightly by modifying the Weierstrass equation in the following way: 



y2 = x^ + [f{u,v) + 6f{u,v)]x + g{u,v) + 6g{u,v), 



(6.5) 



such that this deformation may contribute to the superpotential that breaks the susy from 
Af = 2 to M = 1. Our analysis of generation J\f = 1, although uses similar form for the 
Weierstrass equation as in (5.29) and (5.34), is different from this as we take intersecting 
branes that fall in the class of A^ = 2 theories broken to A/" = 1 only at the intersection point 
of the orientifolds. Tilting the two orthogonal seven-branes would presumably break all the 
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super symmetry at the junction point of the orientifolds, but would allow M = 1 along the u- 
or the w-plane (where we had M = 2 supersymmetry earlier). More details on this, and in 
particular the connection to integrable systems, will be analysed in the sequel. 

Finally, it would be interesting to extend the analysis of (4.26) to the intersecting seven- 
branes case. For example if we consider F-theory on the four-fold of the form: 

T^ X [K3 X P^) , (6.6) 

which in turn would mean that type IIB is on the base K3 k P^ with the intersecting D7/07 
configurations. Both the intersecting brane-plane configurations now wrap the P^. However 
in the presence of probe D3-branes, Gauss' law would be an issue now, exactly as we faced 
earlier for model 3. The difference now is that the orthogonal set of D7/07's wrap respectively 
only orthogonal set of two cycles of the K3 manifold. Thus we can invoke M(atrix) theory 
again by introducing a large number of D3-D3 brane pairs to probe the system. 

The situation could be generalised from (6.6) to even more interesting direction by assum- 
ing that the type IIB compactification is now on P^ fibered over del Pezzo surfaces^^. This 
system will not have an heterotic dual, but could be analysed from M(atrix) theory. It would 
be interesting to see if M(atrix) theory could shed some light on the so-called mysterious 
duality [127]. 
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^*del Pezzo surfaces are manifolds of complex dimension 2 with positive first Chern class. For us, a simple 
defination would be to take P^ x P^ and blow up atmost seven generic points. Alternatively one may take P^ 
and blow-up atmost eight generic points. 
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A How to obtain Seiberg-Witten curve and l-form for pure Sp{2r) theories 



Seiberg-Witten curve and Seiberg-Witten one-form for Sp{2r) with Nf = 2r + 2 fundamental 
hypermultiplets is given in [5] as following: 

(r 2r+2 \ 2r+2 

a=l j=l / j=l 

2m yx{[{x~(t)i)+g\[mj + y/xy j 

_ ^ dx ^^ ( x\{{x-4>l) +gl{mj + ^y \ 



2y/x \x\{{x- (t)l)+g\{mj - y/xy 
_Ji_ 

^i + 'dV 



9(r) = :^, (A.3) 



in terms of the Jacobi theta functions given below: 

^^ = 16g + 0((7=^), 4 = l + Sq + 0{q^), d\ = I - Sq + 0{q^). (A.4) 

Combining (A.3) and (A.4) gives us the coupling constant g{T) in terms of g = e™'^ as below: 

We want to obtain Seiberg-Witten curve for pure (no flavor, Nf = 0) case, which is 
achieved by taking all the flavors to be infinitely massive mj ~ M — )• oo, while keeping 

8A2^-+2 = 8(?M2'^+2 = gM^'-+^ (A.6) 

finite, as argued in [5]. Inside (A.6) allows, ^riiLi "^i = 5'M^'""'"^ to be replaced with SA^''"'"^ 
and g'^]f[J^{x -m]) = {gM'^^'+'^f with (SA^-^^^^^ -^^ ^p^^^) and (A.2). The former, the 
Seiberg-Witten curve now becomes 



Xr=\xJ{{x- CPI) + 8A2^+2 _ (8^2.+2) 



= {A + Bf - {Bf = A{A + 2B) 
Dividing with x on both sides of (A. 7), we finally get: 



y' 



T{{^-<t^l)][^T{{--<t>l) + 16A2^+2 . (A.^ 



a=l / \ a=l 



The Seiberg-Witten one-form becomes 






The final result in (A. 8) and (A. 9) is used as the Seiberg-Witten curve and one-form for pure 
Sp{2r) gauge theory throughout this paper, for example in (1.10) and (2.14). 
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B Speculative viewpoints of Model 1 related to one-on-one mapping 

In this section we will discuss two speculative viewpoints of model 1 that will show us how the 
1-1 mapping could in principle be highly non-trivial. We begin with a naive 1-1 mapping. We 
call it a naive mapping, because in subsubsection 2.3.1, we pointed out physical inconsistencies 
in the mapping. However, it is instructive to go through this type of reasoning because it 
will help us to identify important physical ingredients, hitherto missing from our discussions, 
that will be absolutely essential to find the correct 1-1 mapping. Interestingly, the mapping 
discussed in the following subsection has an apparently clean combinatorics, that again will 
help us to identify the essential ingredients towards the correct 1-1 mapping. 

B.l A naive 1-1 mapping between moduli spaces of brane and curve 

To argue that the system at hand is more subtle than what one would have guessed, we will 
first discuss a naive 1-1 mapping between moduli space of D3-branes and that of Seiberg 
Witten curve keeping the anti-symmetric matter very heavy so as to continue the discussion 
for single D3-brane case given in table 2. The biggest motivation for this naive mapping 
is that we somehow want to have 1-1 mapping between the moduli spaces. There are r + 1 
maximal Argyres-Douglas points in A^/g (jr) ' ^^^ '-'^ ^^^ brane picture we see only 2 monopole 
dyon points on the n-plane. This naive mapping has a way to 1-1 map these loci. Assuming 
Bose-Einstein statistics among D3-brane probes, there are r + 1 ways to put r D3-branes at 
two special locations. For example, we can put i D3-branes at the first location, and the rest 
r — i D3-branes at the second location, while i can take r + 1 different values i = 0, 1, • • • , r ^^. 
Therefore putting r D3-branes at either monopole or dyon 7-brane will have r + 1 different 
ways, and there is no free parameter left. This way we singled out r + 1 points in A4rD3- The 
naive map in this subsubsection proposes that these r + 1 points are images of r + 1 maximal 
Argyres-Douglas points in Al/g (2r)^°- 

In tables 2, 10, and 11, we discuss the naive mappings for r = 1,2 and higher respec- 
tively. Each row denotes how a locus in A^d3 (left) maps to a locus in Al/g .^^^ (right), by the 
1-1 map C. In tables 10, and 11 we denoted Mfg ,2r) ^^ "expected -Mf^ (2r)" to justify what 
we expect and not what we get. First four columns denote location of D3-branes (different 
locus in A^Ds)- First three columns are counting D3-branes located at three special points on 
li-plane, as introduced in (2.39). The fourth column shows all the leftover D3-branes which 
are elsewhere. Some of them could be on top of each other, so we introduce { } in order to 
denote their groupings. Number of elements inside { } are also the number of free parameters 
(number of freedom to choose locations for each D3-brane group) of that loci in the moduli 
space. 



*^In general, putting r identical objects at s different locations (or putting r objects in s different groups 

where the group size is nonnegative) , there are I | ways. 

\ s-1 J 

■'"As we saw in subsubsection 2.3.1 when we will check this against physics we learn that only 2 out of these 

r + 1 points in Mb3 are actually maximal Argyres-Douglas points, namely, when we put all D3-branes all 

together at monopole or dyon. 
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-A/^2D3 


Expected Mf^^^^^ 


monopole 


dyon 


CX) 


elsewhere 


2 

1 



2 
1 












2 mutually non-local massless BPS 

at 3 maximal Argyres Douglas points 

of Y:f n S^ 


1 





1 


1 
1 






2 mutually local massless BPS 
at T.f n Sf 


1 





1 






1 
1 


A,fc / but AJq = 
one massless dyon 








2 





Two S*^ vanish (related to u = loci) 








1 


1 


Some sort of A/qo ? 











{1,1} 


generic location with A^./ / 











{2} 


A,fc = but A,/q / 



Table 10. (A naive 1-1 map) Two D3-branes probing the quantum corrected orientifold background. 
The number of leftover D3-branes (put elsewhere) corresponds to the number of degrees of freedom. 

Let us look at the rank 2 case more closely in this light. The cleanest mapping should be 
between point-like singularities given in the first three lines in table 10. Point-like singular 
loci in the moduli space A^2D3 are given by [2, 0], [1, 1], and [0, 2], with no D3-branes 
elsewhere. They reflect codimension-2 singularity of fc, therefore we expect them to map to 
the three maximal Argyres-Douglas points, given by a cusp-like point in figure 14 and its 
two other Z3 cousins at \v\ = 3^^. 

The case [0,0,2] of table 10 can be divided into two sub-cases [0, 0, {1, 1}] and [0, 0, {2}], 
where inside { } we denote how D3-branes are grouped. [0,0, {1,1}] corresponds to 2 D3 
branes each at generic location on u-plane - a generic point at A^2D3 with total 2 degrees of 
freedom. In moduli space of the pure Sp(4) curve -Mfg ,4) , we expect that it maps to a region 
with Axfq 7^ 0. An example is all the region in the figure in the right of figure 14 excluding 
the red lines Ytf ■ On the other hand, [0, 0, {2}] is when two D3-branes are on top of each 
other, the degree of freedom is 1, and so we expect that it satisfies A^fq 7^ = Axfc- Now 
it should develop a singularity for fc seen as Sp blue lines in figure 14. 

Next is the codimension 1 loci in the moduli space, for example given by [1,0,1] and 
[0, 1, 1] for D3 language in Mbs- We expect that these two should somehow correspond to 
three S^'s in figure 14. It might be that some of S^ are connected so that we have 2-2 
mapping instead of 2-3 mapping. For example, in figure 14 Sq and Sg intersect. In fact, 
all the S^ loci is spanned by 1-parameter as given in (2.18). 

Similarly, we can discuss the mapping between moduli spaces for rank r case. In the 
last column of the table 11, D3-brane elsewhere, we could again group them in { } and 



^^We do not know how to make this 3-3 map into 1-1, but we will follow-up on this later (it might be some 
trivial symmetry breaking). 
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MrD3 


Expected Mf^^^^^^ 


monopole 


dyon 


oo 


elsewhere 


r 
r-1 






1 

r 














r + 1 maximal Argyres Douglas points 
with r mutually non-local massless BPS 


1 





1 








AJc / but A,/q = 
S^ loci with one massless dyon 








Too 


{n,r2,---} 


^xIq 7^ 0, gauge enhancement from colliding D3's 



Table 11. (A naive 1-1 map) Multiple D3-branes probing the quantum corrected orientifold back- 
ground. (A partial table) The number groupings of D3-branes put elsewhere corresponds to the number 
of degrees of freedom. 

reduce degrees of freedom. For example {1^~^} means {1, 1, • • • ,1}, and (r — 1) leftover D3- 
branes are moving on u-plane all independently. Their expected mappings are shown in table 
11. Similarly, following our nose we would map the maximal Argyres-Douglas points to the 
point-like loci in A^r-DS given as the first group in table 11. 

B.2 A fantasy on how to save the naive 1-1 mapping between moduli spaces of 
Seiberg-Witten curve and D3-brane picture for pure Sp{2r) theory 

In subsubsection 2.3.1, we discussed physical flaws in the naive map given above in subsub- 
section B.l. However, given mathematical beauty of the 1-1 map (though physically naive) 
and out of curiosity, we will fantasize some conditions under which the naive mapping would 
have survived physical tests^^. 

We begin by noticing that the state denoted by this 



[rm,rd]roo,{n,r2,---}] = [1,1;0,{0}] 



(B.l) 



might be Argyres-Douglas within our fantasy - if 7-brane charges play a certain role. Here 
we have put a D3 on monopole 7 brane, and another D3 on dyon 7 brane. We have massless 
strings in 3i-7m and 32-7^ sectors. Using notation of table 3, they will be charged as in 
table 12. These charges have zero intersection number, and they are mutually local to each 
other. 

Here we try to cook up a scenario where these two would have been mutually non-local, 
with charge vectors intersecting with non-zero intersection number. For this, we will introduce 
extra elements in the charge vectors. In table 3, we denoted charges with respect to f/(l)'s 
of D3-branes, ignoring C/(l)'s related to seven-branes. If we consider seven-branes' C/(l)'s as 
well, we will get a following charge configuration as in table 13. Note that we introduced 



Note that we are still ignoring the dynamics of the anti-symmetric matter as we have assumed it to be 
very heavy. 
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Sector 
3i-7m 
32-7d 



Pi P2 



Qi 
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((0, 0), (1, 0)) 
((0, 1), (0, -1)) 



Table 12. 3i-7„ n 32-7^ = 

new elements in extra paranthesis, to denote electric and magnetic charges with respect to 
C/(l)'s of seven-branes. C/(l)'s of 3- and 7-branes give gauge and global symmetry respectively, 
therefore we want to put them on different footings. Note that we put extra coefficient c in 
front of charges with respect to C^(l)'s of 7-brane. We recover table 3 by c — ?• 0, where these 
extra elements were suppressed. 



Sector 


Pi P2 


Pm 


Pd 


91 


92 


9m 


9d 


3i-7m 
32-7d 


((0, 0), 
((0, 1), 


c(0, 
c(0, 


0), 

-1), 


(1, 
(0, 


0), 
-1), 


c(-l , 
c(0, 


0)) 
1)) 



Table 13. 3i-7™ n 32-7^ = 

We can further imagine a situation where seven-branes share a same U{1). By some 
non-trivial interactions, if the two 7-branes know about each other, and by the fact that they 
come from same 07 ancestor, we might hope that they are actually charged with respect 
to the same U{1). Also they have only codimension real 2 with respect to the spacetime 
directions. It might be that the flux has nowhere to hide, and all the 7-brane actually know 
about each other^^. Then the extra elements given in table 13 as {p, q)^ ^ will be contained 
in just one extra column {p.,q)i as below in table 14. Now we see that these two states are 
mutually non-local. 

For rank 2 case, what this means is that [1, 1,0] will be Argyres-Douglas point just like 
[2,0,0] and [0,2,0]. This way, we recover 3 maximal Argyres-Douglas points in 7^203 given 
table 10, instead of 2 points given in table 4. Similar argument for higher rank will recover 



^'^One could also speculate a similar scenario of putting D3-brane along the u-plane in absence of 7-branes, 
and puting two D3's on it-plane at monopole and dyon points. Then the charge configuration would be as 
below, almost same as the table 14 except for changing c — 1. We have Argyres-Douglas theories. 



Sector 


Pi 


P2 


Pu 


Qi 


12 


Qu 


3i-3u 
32-3u 


((0, 
((0, 


0, 

1, 


0), 

-1), 


(1, 

(0, 


0, 

-1, 


"1)) 
1)) 



However, not only the states given above, but also all possible (p, q) strings will become massless in 3-3 
sectors as below. 



Sector 


Pi 


P2 


Pu 


11 


q2 


Qu 


3i-3u 
32-3u 


({Plu, 

((0, 


0, 

P2u, 


Plu), 
-P2u), 


illn , 

(0, 


0, 

— <l2u, 


-aiu)) 

q2u)) 
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Sector 
3i-7m 
32-7d 



Pi P2 
((0, 0), 
((0, 1), 



P7 
C(0), 

c(-l), 



gl 

(1, 

(0, 



92 

0), 
-1), 



c(-i)) 
c(i)) 



Table 14. 3i-7„ n 32-7d = -c^. Mutually non-local if c ^ 0. 

all r + 1 maximal Argyres-Douglas points in MrD3 of table 11, instead of 2 points given in 
table 5, and it may be helpful to do similar counting of (pairs of) sectors as given below 
table 3. Before developing this direction any further, most importantly, we need to verify 
the role of U{1) charges of seven-branes, which will be discussed in future work. 



94 



C Higgsing and Dualities for Sp{2r) 

In this appendix, we will review some properties of the Sp{2r) quantum corrected curve as 
well as possible higgsing scenarios worked out by Argyres and Shapere. Consider the curve 
and the meromorphic^^ 1-form for Sp{2r) with Nf = 2r + 2 fundamental hypermultiplets i.e 
conformal case [5]: 



xy^ = 


/ r 2r+2 \ 2r+2 
\ a=l 7 — 1 / 1-1 


-m]), 


(C.5) 


A = 


Vx ^fxY{{x-4>l) + g\{mj-^y\ 
2m \xW{x-cl)l)+g\[mj + y/^y) ' 




(C.6) 


air) = 


^\ 




(C.7) 



The masses transform in the adjoint representation of SO{2Nf) flavor group. 

• For r = 1, this curve reduces to the SU{2) curve of [2] with 4- flavors which has 
PSL{2,'L) duality group acting on the coupling constant and transforming the masses 
by the 5*3 outer automorphisms of the SO{S) flavor symmetry. 

• For r > 1, the curve is invariant under ro(2) C PSL{2,'L) duality group generated by 
T: T^T + 1, Y\mj^ -Wnij^aiidST^S -.T ^t/{1-2t). 

Tq{2) can be characterized as the set of SL{2,Z) matrices whose lower off-diagonal 
element is even. 

• The asymptotic free theories with Nj < 2r + 2 flavors are obtained by taking 2r + 2 — Nf 
masses ~ M — > oo , while keeping A^''+^^^/ = gM^^"*"^"^/ finite. 

Recall that N = 2 SU{2) gauge theory with 4-flavors enjoys 5'-duality which acts through 
SL{2, Z) and where the parameter space is given by H/SL(2, Z) with H beeing the upper 
half plane. On the other hand, SU{N) gauge theory with Nf = 2Nc is also superconformal 
and S'-duality acts here as a proper subgroup ro(2) of SL{2, Z) [16, 128]. Thus, as expected, 
both Sp(2r) and SU{N) gauge theories share the same 5-duality group. 



(C.l) 
(C.2) 
(C.3) 
(C.4) 



'5" The 


Mr) 


are 


defined 


in the following way 


















Mr) = 


= E^'^ 

nSZ 


i+i/: 


2f 


-^1?2 = 


16q + 0{q'), 










Mr) = 


ngZ 


2 
— >• 


^^ 


= l + Sq + 0{q^), 










Mr) - 


= E(- 

riGZ 


1)" 


,"' 


^^t- 


= l-8g + 0(g2), 










^i-4 


; + ^! = 


= 0, 


<? 


= e*"" 


= gii'g-S'rVs^ 
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C.l Higgsing of Sp{2r) 

On the Coulomb branch, the adjoint chiral superfield <l> has expectation values that can be 
diagonalized as 

((/>) = diag{<pi,... ,4>r,-(pi, . . . ,-4'r)- (C.8) 

Before we dive into the higgsing mechanism at finite coupling, we start by analyzing the 
classical case by taking the A — )■ limit, r — )• +zoo in the scale invariant case. In this limit of 



«(^)^^^^^^— ^/')' <-) 



the curve (C.5) becomes: 



y' 



l[ix-<plf. (C.IO) 

a=l 

How can we read from the curve that the gauge group is Sp{2r)l Recall that the gauge 
theory is described by the configuration of the D3-branes and that the positions of these 
D3a's are given by the 4>a^- From the curve (C.IO), we see that for every (l)a there exists —(^a 
with a = 1, . . . r. Thus, there are 2r values of c^aj representing the position of r D3-branes 
and their images. Next, remember from [1, 2] that enhance gauge symmetry appears when 
{(p) = i.e when c^a = Va. In the type //5/orientifold language, this translates as having 
a stack of r D3-branes on top of the orientifold point [(j)a can be viewed as the distance from 
the 07 to the D3a). Thus, when (/>„ = Va the gauge group is Sp{2r). For arbitrary values 
of (/>a's where (t)a / 4>b and (^a / the gauge group is U{lY where r is the rank of the gauge 
group. In other words, we get U{\Y gauge group when we have r D3-branes spread out on 
the u-plane away from the 07. 

In the weak coupling limit A — t- 0, the branch point of the curve (C.5) are at the zeros 
of (C.IO). When two (or more) of these coincide one or more cycles of the Riemann surface 
degenerate, corresponding to some charged state becoming massless. Such massless states 
appear at weak coupling whenever two of the (j)a coincide (corresponding to an unbroken 
SU{2) gauge subgroup of Sp{2r)) or one of the (j)a vanishes (corresponding to an unbroken 
Sp{2) gauge group) [5]. In the type //B/orientifold language, we understand this picture 
as follows: when (pa = 0fe two D3-branes are on top of each other, away from the 07 and 
generating an unbroken SU(2) gauge group. When (pa = the D3a is on top of the orientifold 
plane, and generates an unbroken Sp(2) gauge group. 

At zero coupling, one should get the breaking Sp{2r) — )• Sp{2r — 2k) x SU{k) x U{1) 
through an expectation value {(p) = diag{M, . . . , M, 0, ... 0) with r — A; O's and k M's. Thus, 
this breaking is realized by putting r — k D3-branes on top of the 07 and having a stack of 
k D3-branes away from the 07. 

Non- perturb at ive corrections are captured in the full curve (C.5) with finite values of the 
gauge coupling ^(t). The general (maximal) adjoint breakings of the Sp{2r) gauge theories 
with non-perturbative corrections are given in [5]. In the following, we review these breaking 
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patterns and write the associated curves. (The seniiclassical scale invariant Sp{2r) factor will 
have finite coupling r if we send A — )• oo keeping g = (-p) constant). Considering the full 
curve, the breaking of Sp{2r) with Nf = 2r + 2 down to Sp{2r — 2) x C/(l) with 2r light 
hypermultiplets is achieved by [5]: 

Sp{2r) -^ Sp{2r - 2) x C/(l), (C.ll) 

<^a=|'^'" a=l,...r-l, 

^,^ih{q)mr j = l,...2r, 

^ ]^k{q)M j = 2r + l,2r + 2. ^ ' ^ 

Here h{q), k{q) = 1 + 0{q). The limit M — )• oo keeping cp'^ and m'- fixed achieves the desired 
breaking. The function h{q) and k{q) = 1 can be chosen to equal to 1. One then finds that 
the curve (C.5) reduces to a curve of the same form with r — )• r — 1 and gr~i{qr-i) = Qri^r)- 
At weak coupling and nonperturbatively, we choose Tr-i = r^ [5]. The proposed curve, after 
the breaking, is 

r-l 2r \ 2r 

xy^=\x\[{x-<l^',^)+gJ[m'A - g^J[{x - m';"). (C.14) 

a=l j=l / j = l 

Another adjoint breaking is given by 

Sp{2r) -^ SU{r) x C/(l). (C.15) 

The semiclassical breaking of Sp{2r) with Nf = 2r + 2 down to SU{r) x f/(l) with 2r light 
hypermultiplets is achieved by tuning 

r 

a=l 

^ \ i = 2r + l,2r + 2. ^ ' ^ 

Here again, we take the limit M — )• oo, while keeping 0^ and rhj fixed and where h(q) ~ 0{q). 
Substituting (C.16), (C.17) into (C.5) shifting x — ^ M^+2Mx, y — )• M^^^y expanding around 
\x\ « \M\ and tuning h{q) appropriately, we recover the SU{r) curve [5]: 

r 2r+l 

y^ = '[[{x-(t>a? + 4h{h + l)'[[{x-mj-2hfi), ^.^a = 0, (C.18) 

a=l j=l 

27ri Vn(a;-0a) + yy 



h{r) = :^^. (C.20) 
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D Modular parameter of zero and 1-instanton for Sp{2r) 

In this section, we will digress a little bit by introducing Nf flavors in the gauge theory side. 
These Nf hypermultiplets, transform under the defining representation of the gauge group, 
of dimension Nc, and with bare masses mj,j = 1, . . . ,Nf. There are arbitrary number of 
hypermultiplets, as long as the theorie remains asymp. free. 

The classical moduli space is r-dimensional and is parametrized by the independent 
eigenvalues (order parameters) a^, k = 1, . . . ,r of (j), the complex scalar field of the N = 2 
chiral multiplet in the adjoint representation of the gauge group 

Sp{2r) : (f) = diag{ai,—ai, . . . ,ar,—ar). (D-l) 

The renormalized order parameters a^'s of the theory, their duals ^D.fc's and the prepotential 
J^ are given by 

27riafc = (j) dX, 2TriaD,k = 4> dX, aD,k = t. — ■ (D-2) 

JAk JBk dak 

One way of determining the prepotential of classical groups is to constraint the curve, prepo- 
tential, and order parameters - both classical and quantum- of SU{N) theory [25]. 

The hyperelliptic curve^^ associated to Sp(2r) and the associated meromorphic 1-form 
have been proposed as follows 

y^ = A^{x)-B{x), (D.3) 

with 

r 

A{x) = x^Yl (^^ - "fc) + ^0' i^-^) 

k=l 

Nf 
B{x) = A4-"2A^/+4 J] (^2 _ ^ .2)^ P_g) 

i=i 

where A^ = K^'-^f+^ nfii "b- 

As shown in [25], the method of finding the relevant physical quantities of Sp{2r) from 
constraining those of Sp{2r) works for ^o = 0, thus, for at least one hypermultiplet of exactly 



^^Note: different liyperelliptic curves fiave been proposed for the same gauge groups with the same hypermul- 
tiplet content. As shown explicitly in [129] the corresponding effective prepotentials are the same for each of 
these different models of curves because the effective prepotential is unchanged under analytic reparametriza- 
tions of the classical order parameters. Recall that the relation between the classical and quantum order 
parameters is given in [25]. 
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zero mass. In fact, they show that for exactly two niassless hypermultiplets the rescaled curve 
for Sp{2r) gauge group admits an even simpler form, which they denote as Sp{2r)": 



Sp{2rr: Aix) = ll{x^-al), 

k=l 

Nf-2 

(m;v,_i = mN, = 0) Bix) = A4-2JV/+4 JJ (^2 _ ^2^_ 



(D.7) 
(D.8) 



We will now compute explicitely the modular parameter r'-' = „ ^ ' for Sp{2r)" where 



^G;Ns (ai, . . . , OAT^ ; mi, . . . , tunj ; A) = ^g-N; + X^ -^G-Nf (ai, • • • , oat^ ; m-i, • • • , rriNj ; A), 

d=l 

(D.9) 
where J^q^ = J^g-j^ (ai , • • • , clNc ; "^1 ) • • • ; "t-a^/ ; A) represents the zero-instanton contribution 
which corresponds to the classical plus perturbative corrections and is given by [25] 

^^ Tr(0) ^ ^ 



tY.(-^ + ea,f log i^^i^ + 4 1 «1 log I - E E E («^ + -.)^ l°g (^^,+ !!^. 

k^l e=±l fc=l fc=l i=l e=±l 

(D.IO) 



The 1-instanton contribution is given by 



4% = i^A2E^^(«^)' 
fe=i 



(D.ll) 



with 



Nf 
-2 TT /™2 ™2nTT^^2 „2n-2 



x -m^J I I (^X -O; 



Sp{2r)": A = A2'-+2-^/, S,(x) = (x + a^)"' J] (^' " "^D II ( 
The 2— instanton contribution is 



(D.12) 



J" 



(2) 



1 



G\N 



f IGiri 



-A' 



2^2^ (r,.^.nA2 +j2^^kiak. 



(flfc + eaiy 



k=l 



dx^ 



x=afc 



We compute the modular parameter for the zero and 1-instanton contribution 



r*J 



duidaj 



daidaj 



(D.13) 



(D.14) 
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where the contribution from the classical and perturbative corrections to r*-' are given by 



IT 



■ {0)ij 



i daiduj 



EE 



H \ log -0. + 3 + e(l - 5^) log + 3 



A2 



+ 25l[\og^ + ?, 2 



Nf 



n=l e^l 

After simplification, the 1-instanton contribution is: 
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E Tachyons in the brane anti-brane theory in the presence of fluxes 

In this appendix we will discuss how the tachyons behave in the system where we have 
wrapped D5-D5 on a 2-cycle of a Taub-NUT space. Unfortunately this exercise is rather 
non-trivial to perform because of the background curvature. Therefore we will simplify the 
system by replacing the 2-cycle by a toroidal 2-cycle with fluxes and study the behavior of 
the tachyons^^. There is also a non trivial i?-flux on the 2-cycle, and since the 2-cycle is of 
vanishing size the B-field is actually infinite. Similarly there is also a gauge flux on the brane. 

The quantization of open strings connecting a brane to an antibrane is well-known. In 
the Neveu-Schwarz-Ramond (NSR) formalism, it is identical to the usual quantization of 
open strings except that the Gliozzi-Scherk-Olive (GSO) projection is opposite to the usual 
one. Hence we keep the "anti-GSO" states. These include, at the lowest levels, a tachyon 
with negative mass square M^ ~ ~2' ^^ addition we find a set of massless fermions which 
are obtained by dimensionally reducing a single 10-dimensional Majorana-Weyl fermion, of 
opposite chirality to the usual GSO-projected one, down to p + 1 dimensions. 

In the case of interest here, this quantization is modified for two reasons. First, there is a 
constant B-field, experienced by both the brane and the antibrane, and also a world-volume 
field strength F on one of the pair. Second, the brane and antibrane are both wrapped around 
a 2-cycle of vanishing size. 

Let us work out the quantization of open strings joining a D5-brane to a D5-brane in the 
presence of fluxes. Let fei = (Fi — B) and 62 = (-^2 — B), where Fj are the worldvolume gauge 
fields on the ith brane and B is the constant spacetime B-field. Also, let z = x'^ + ix^. We 
have chosen to allow nonzero F and B values only along the two directions x^'^. 

The boundary conditions are: 

{d^z + 61 dtz)^^Q = 0, 

id^z + b2dtz)^^^ = 0, (E.l) 

and a similar condition for z (with bi -H- — fej). 
Let us now write the mode expansion as: 

z = Yl ^n+u e("+'^)(*+*") + J2 Bn+u e("+^)(*-^'^) . (E.2) 

n n 

The first boundary condition yields 



_ l + ih 

while the second one gives 



An+i/ — Bn+v ^, (E.3) 

i — 10\ 



2.i. _ {l-ibi){l + ib2) 



{I + ibl)(l - ib2) 



(E.4) 



^^A somewhat similar behavior of tachyons were studied in a different context for a system of a D3 parallel 
to a D7 in the presence of non-primitive fluxes in [53]. See also [f30] for yet another application. 



101 



Now recall that the 2-cycle on which bi are valued is of zero size, which is the same as saying 
that the value of the field bi is infinite, to keep constant flux. Thus we really need the above 
formula for inflnite bi,b2, except that they can each be separately positive or negative inflnity. 
Solving the above, one finds: 

Now the relevant values are: 

-1 26 
lini tan — = 0, 

6-!— 00 1 — 0^ 

-1 26 

lim tan -^ = vr, 

b^-0 1-6^ 

lim tan"^ -r = 2tt. (E.6) 

6-5>oo 1 - 6^ 

We can use (E.6) to evaluate it for the relevant possibilities (|6i| = 0, 00 for each i). The 
result is easily seen to be 

1/ = - (^sign(62) - sign(6i) J , (E.7) 

where sign(6j) = 0,ibl. 

Note that for our purposes, bi = Fi — B, 62 = -F2 — B. Hence the case which we expect 
to be BPS comes about when Fi = 0, so that sign(6i) = —1 while sign(62) = 1, and z/ = 1. 
On the other hand, with Fi = F2 = we would find 1/ = and this is the case where we do 
expect a tachyon. 

It only remains to find out the zero-point energy as a function of v, in the NS sector 
(which is where the tachyon appeared, in the absence of flux). We use: 

E {n + u) = -^{6u^-6u + l). (E.8) 

n>0 

The bosons along direction x^'^ are quantised with mode numbers n + u and the fermions 
have mode numbers n it | z/ — ^ | . Thus the zero point energy of the system will be 

E = 2E{0) + E{u) + 2^(0) - E{0) - 3E{l/2) - E{\u - 1/2|). (E.9) 

The first term comes from x^'^''^'^, the second from x^'^, the third from x^''^'^'^ and the fourth 
from the bosonic ghosts. The remaining terms are fermionic contributions. Adding up all the 
contributions, we get: 

The case of no fluxes is z^ = while the case of fluxes relevant to fractional branes, as we 
argued above, is i' = 1. From the above formula we seem to flnd that both z^ = and 1^ = 1, 
the ground-state energy is E = —^ and hence there is a tachyon. 
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However the actual result is more subtle because of the GSO projection. At zero flux, 
along with the open string tachyon there is always a massless state created by a world-sheet 
fermion (in the NS sector) V'_i- This is in fact a spacetime scalar or vector (depending on 
whether the fermion mode has an index transverse to the brane or along the brane). Now 
when there is flux, this mode (for the directions along which the flux is present) becomes 
V'-i^-ii- Thus the corresponding state has energy 



E 



1, 1 

2" + 2 



+ w 



(E.ll) 



Thus altogether we have a pair of low- lying states, one of energy —-^iW ~ 2I ~'~ 2) ^^"^ ^^^ 
other of energy i(|i/ — i| — i). Ati/ = these states have energies — |, respectively, and at 
z/ = 1 they also have energies —2)0- But if we tune v continuously from to 1, we find that 
at ;/ = 2 the states become degenerate in energy, with both having E = —j. It turns out 
that at this point the two states cross each other. 

To see this more explicitly, observe that the energies of the pair of states can equivalently 
be written —2^ and 2(1 — i^) for all u, without any mod sign. In this way of writing it, the 
energies vary smoothly with v. These expressions, and not the earlier ones involving modulus 
signs, are the correct ones if we want to follow the evolution of a given state (with a given sign 
under GSO projection) as i^ varies. Now we see that the tachyon at z^ = becomes massless 
at z^ = 1. On the other hand the massless state at i^ = becomes tachyonic at z^ = 1. But 
since we are in a sector with anti-GSO projection, the latter state is projected out for any ul 
The physical (anti-GSO) state, which is tachyonic at z^ = really does become massless at 
z/ = 1. Thus we have shown that the tachyon disappears in the presence of flux, as desired. In 
the figure 32 below we sketch the behavior of the tachyon for this system: As we mentioned 




Figure 32. The behavior of the tachyon in the brane anti-brane system. 
earlier, there are two subtleties in the problem which we have ignored. First, the B and the 
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F fields on the 2-cycle are not constant so the situation is little subtle. We have discussed 
the non-constant {B, F) in [130]. The second subtlety has to do with the spherical cycle. We 
have taken the brane and the antibrane to be wrapped on a toroidal cycle. But we think that 
the physics may not be that different for the spherical case. 
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F Connection to integrable systems 

Now that we have developed a somewhat clearer picture of Model 4, it is time to see whether 
there could be some connection to integrable systems of the kind studied in [131]. To analyze 
the story here, we will begin this section by reviewing the connection between the curves 
describing Riemann surfaces of AA = 2 supersymmetric gauge theories and algebraically com- 
plete integrable Hamiltonian systems^^. 

Families of elliptic and hyperelliptic curves have been introduce to solve M = 2 super- 
symmetric gauge theories with different gauge groups. For a gauge group G of rank r, these 
curves parametrize a family of fiber bundles Y ^^ \J where X is a complex manifold of 
complex dimension r and \J is the complex n-plane parametrizing the Coulomb branch whose 
complex dimension is equal to r. The fibers of the map y M- C/ are Riemann surfaces of genus 
equal to the rank r of the gauge group G. These Riemann surface degenerate at finitely many 
singularities located on the n-plane. We denote the fiber corresponding to u as 1^. Taking 
the Jacobian of these Riemann surfaces generates complex r— dimensional tori that are now 
the fibers of X M- C/ where X is an algebraically complete integrable system. Note that the 
rank 1 case doesn't see the difference between the Riemann surface and its Jacobian. 

For r = 1, a family of elliptic curves was introduced in [1, 2] to solve M = 1 SU{2) gauge 
theories with and without matter. The solution required the introduction of a meromorphic 
differential one- form A on X^ which varies holomorphically with u =Tr0^. Stable states with 
magnetic and electric charge (nm,ne) have masses given by the BPS formula 

M^ = 2|Z|2 = 2\nea{u) + n,„aD(n)p, (F.l) 

where a = {au, a) are the fundamental period of A on the curve describing the space of vacua 
and are given by 



a^ = / A, a'= X, (F.2) 

where aj,/3j form a basis of homology cycles on the curve. One can build a two- form holo- 
morphic object oo = d\ where the holomorphy condition insures positivity of the metric on 
U . In this new coordinate, one gets 

a = \, da/du = / dX/du, da = lo, (F.3) 

J ^ J 'y J ^f 

where 7 is a set of fundamental one-cycles on the fiber and d is the exterior derivative on U. 

For a gauge group G of rank r > 1, the base U is a complex manifold of dimension r 

and the physics is described by a family of r— dimensional complex tori X^- Once again a 

meromorphic one- form A is required to solve part of the theory and one can circumvent all the 



''We would like to thank Sergei Gukov and Johannes Walcher for valuable discussions. 
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ambiguities associated to this quantity by introducing a closed holomorphic 2-form u = dX 

with 

d\_ 



- = E^-^B' (F.4) 



where Ui=Tr{(jf) are gauge-invariant order parameters parametrizing the Coulomb branch. 
The metric will be positive definite if and only if uj is non degenerate, that is, the matrix of 
components of uo (in any local coordinate system on X) is invertible. In particular, w can be 
written locally as 

UJ = 'S^dxi ^ du\ (F.5) 

i 

where n*, i = 1 . . . r are coordinates on U and Xi,i = 1 . . . r are along the fibers, oj is non- 
degenerate at least where the physics is non-singular. Thus, the geometry, away from singular 
fibers, is that of a family of abelian varieties X ^^ U endowed with a complex symplectic 
structure a; on X that takes the form (F.5). One can then define a Poisson bracket of local 
holomorphic functions /, g as 

The condition da; = would imply that this Poisson bracket obeys the Jacobi identity. 
Moreover, using equations (F.5) and (F.6), the Poisson bracket of the order parameters on 
the u-plane {u^^u^} vanishes 

^^ '^ > = ,v^ , \, kV ^ = 0, (F.7) 

indicating that the u* form a maximal set of commuting Hamiltonians [131, 132]. The object 
X with the above properties is called an algebraic completely integrable Hamiltionian system. 
Conversely, given an algebraic completely Hamiltonian integrable system X, on can define U 
to be the space spanned by commuting Hamiltonians and create a map X ^^ U. If this map 
if proper, one can prove that the fibers are complex tori and u> has can be written as (F.5) 
[131, 132]. 

F.l M = 1 SU{n) gauge theories as algebraically complete integrable systems 

Donagi-Witten [131] have identified the Coulomb branch of d = 4 A/" = 2 SU{n) supersym- 
metric gauge theories with a hypermultiplet in the adjoint representation as described by an 
integrable Hamiltonian system. In particular, they have shown that an integrable system for 
any gauge group can be described by a spectral curve parametrizing a Riemann surface of 
genus g equal to the rank of the gauge group. This curve is the n-fold cover of the "bare" 
spectral curve which parametrizes a genus 1 Riemann surface. Moreover, it was shown in [44] 
that this spectral curve has a M-theory brane interpretation. As we will see in the sections 
bellow, some of our F-theory constructions can also be understood as integrable systems. 
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Under a reparanietrization worked out in [131], the spectral curve for pure M = 2 SU{n) 
gauge theory matches the SU{n) hyperelhptic curve of [7, 133]. Indeed, this latter curve is a 
function of u-plane coordinates u^ =Tr(0 ) where the n's form a set of maximahy commuting 
Hamiltonians, that is, they have vanishing Poisson brackets {n*,u-'}. As explained above, 
this is often considered as the basis for asserting that we are dealing with a complex, or even 
algebraic, analogue of a complete integrable Hamiltonian system [131]. 

F.2 Model 1 and 2 as algebraically complete integrable systems 

An integrable system for d = A N = 2 Sp{2r) supersymmetric gauge theory with vanish- 
ing bare mass of the antisymmetric tensor multiplet and massive fundamental matter was 
constructed in [6]. In the present paper, we have studied the embedding of the hyperelhp- 
tic curves for Sp{2r) with and without matter [5] into a consistent F-theory brane picture. 
Models 1 and 2 studied in the present paper have the necessary and sufficient ingredients to 
be algebraically complete integrable Hamiltonian systems. In particular, they have the right 
elliptically fibered geometries, admit a symplectic structure that takes the form of (F.5), and 
have vanishing poisson bracket of their order parameters on the Coulomb branch. Recall that 
Model 1 consists of F-theory on an elliptically fibered K3 where the full geometry is given by 
K3 X M^ X Moi23 which is type IIB on T^/Z2 x W^ x M0123 and Model 2 is F-theory on an 
elliptically fibered K3 K3 x M''/Z2 x M0123 which is type IIB on TVZ2 x M''/Z2 x M0123 • The 
coulomb branch of both these models is on the CP^ of K3. Also, one can naively understand 
the Sp{2r) gauge theory as being an algebraically complete integrable system from the fact 
that the order parameters of Sp{2r) are nothing but a naturally constrained versions of those 
oiSU{2r) [25]. 

F.3 Model 3 as an algebraically complete integrable system 

Model 3 can be understood as simply compactifying the running directions of Model 2 into 
a K3. One then obtains the following geometry: J\f = 2 F-theory on K3 x T^ /'L2 x M0123 or 
simply put K3 x K3 which is type IIB on T'^ /Z2 x T"^ /Z2 x M0123 • The Coulomb branch of 
Model 2 was left intact here. Thus, Model 3 in an algebraically complete integrable system 
with gauge group SU{r) or SU{r\r) in the presence of D3 and anti-D3 branes. As discussed 
in the beginning of chapter 5, this geometry can be brought to a F-theory M = 1 system of 
elliptically fibered Calabi-Yau four-fold. Here, the underlying M = 1 theory doesn't have a 
integrable system description as far as we know. 

F.4 Model 4 as an algebraically complete integrable system? 

Model 4 being an A/" = 1 theory of multiple D3-branes probing intersecting 07-planes with 
gauge group Sp{2r) x Sp{2r) on a T-dual version of type IIB on T^/(Z2 x Z2) [24, 106, 115], 
we don't seem to have the required geometry and form of the symplectic structure to obtain 
an algebraic integrable system. However, it is interesting to point out the different regimes 
of this theory that do admit an integrable description of the system. First, when the D3- 
branes are far away from the system of intersecting 07-planes, the theory regains its full 
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supersymmetry and we obtain the celebrated J\f = A theory which is a well known integrable 
system. Secondly, in the limit away from the intersecting point, the u-branch and w-branch 
each become J\f = 2 IIB theories on T^/Z2 which, as argued above, are algebraically integrable 
systems. This is shown in figure 33. Here the u and v coordinates refer to [106] with u^ = w, 

x^ + ix^ . We believe this theory is an interesting playground 



z and u 



x^ + ix^ , V 



for better understanding integrable systems for A/" = 1 theories. 




^=2 



9\[=1 



Figure 33. The various manifestaions of supersymmetries in the intersecting seven-brane model. 
Away from one set of scven-branes wc expect Af = 2 supersymmetry. Right at the intersection the 
supersymmetry is reduced to J\f = I. Far away from both set of seven-branes, the supersymmetry is 
maximal, i.e A/" = 4. Note that the above figure has to be translated along x^'"^ directions to get the 
full scenario. 
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